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On Tm Stbast Tuanslation and EiyoLunoN o? 

A LIQUID BTKHPB WITH A BOLTD COBH. 

Bt 

SnBoon Chindra Mitsa. 

1 In two important papen* Prolesson HadunAvd and By'beiTiiBlcl 
dlmuBsod tho motion of a Tisoona liquid Bpbere in an infinite mau of 
viBooni liqnid. The mofchodi appbod and the roeolts obtained by them 
wore afterwards used bj Smolaoho-wski* in ordor to find the rango of 
Talldltj of Stake's law of redstanoe 

Tho objoot of the praiQnb paper is to iuyeetigate, as a variation 
of tho problem of the liqnid nphoro, the motion of an infinite liqnid at 
rofit at iulnity dne to 

(i) the Atoody translnMon of a liquid sphero with a solid internal 
boundary, 

(ii) the steady revolution of a liquid sphoro with a solid boundary. 

It la bollevod tliat those oases havo not boen invostigated by any 
provlouB writer. 

Stiady Thahstation. 

Wo shall oonsldor the motion of a visoons liqnid aphore of density 
p' and Qoonioiont of visooslby in oninflnito maas of liqmd of density 
p and cooflloionb of vlsoosiby /«, Uio liquid apheio boing bounded intor- 
nally by a oonoonti'io solbl aphero of radios d and tho Bnrfaoo rsa 
(a>b) separating tho visooua liquid nphoro ^'om tho infinite liquid. 

Wo alioll also auppoao that tho anrrounding (laid is free from 

oxbranooua foraos, whilo a foixio — p pei’ milt lolnino acts on tho Bob' 

P 

stanoo of the ephoro in the dlroatiou of the ails of ^ 

* IIidiunArd— Ooinptni Itondna (19(1), p. 17B0. 
nybouynskl^Bnll. Aond d BoJonoos do ersooTlo (1011), p. 4a 

■ Bino1nolioiriki>-Oo the pnuilosl sppitflablllkj of Btoko^ Law of RoslitsBoe— 
ProooodInftB of the 6lh Intomollowil oeogroM of Bisthemattoliuii (lOlB), Vul. 8, 
p. lOt, 



BDBODII OnAITDRA kTITR^ 


a 


Negleohng the inertia terms, the equations o( motion of a viscona 
liqnid rodnce to the forms 

^v.„+px=|-; 






( 1 ) 


together with the eqnation of oontlnnifcy 

a? + ^ =0 

6v 9^ 


(2) 


[lAinbi Hytlrodyuamloa, p. 684. Bq -(1) and C®)*] 


Z, T and Z being the foroee paiallQl to the axos. 

Lot ns flwt pnpposo that thoflphoi’o ib at rest while the liquid hw 
a TeloQity U parallol to tbo ailfl of ht Inflnity. Wo ehril aftonfliHle 
impoao a volooity — U on both the uphoro and tho liquid- Then tho 
liquid will bo at rest at Indnity while the sphoro will move with volooity 
ftipng tho axis of 0 . 

Wo shall liavo to oonslder both tho external and tho Internal 
motions. 

For tho oxtevonl motion wo may Msume, 



Thoeo mqiro 


w*+#t.+fw= (U- ^ 


( 4 ) 



ON THH STHADt TAANBLATIOH ANO ftKVOl.tTTON 


a 


Tho BTLrfaoO'UnoMon composoutii nro given by 



[Lamb, UyrlnklynAmioB, p. 5&!^. Mq (4)» (B) unil (A)] 
For tlio lutomnl motion lob aa amnmo 




5 ) 

+ & ]+•' 



I 

+ 

o 

II 





(0) 

Wlioro ft', o' and to' oro snoh blmb 



V«m'= 0. V*t/=0, V*w'=0 

(V) 

0«' . 0®' . Ow* 

9'^ + r»’*'F. ° 


(8) 


liOb UU OBSUillO 



^ sbbOUH OHlNDki 

Thaie YBlne. ol u', n" md will B»tWy 0 ) “A (8) n 

oompudBon of tha equutbo (6) »nd (14) wliioli k gWon l»toi' will ihow 
tlinb tbsH Wnoa ni-o ooiuiatent with Uio oontiDuity of the BnrfiuM 
bnobiosfl ftt tha aurfaoe 

Thna we oen write for the motion ingide the liquid epliere, 




f y$' +='+°' 




_ A' 


f* 


d 


(^)+C'[( 


1 - 



+ D' 



The radiftl velooity is giren by 

»“+»•+'"=[( (?~ 7r) 

We find for the pressore, 

p=— p, + ^ A'+ ^ — K ^ M (IS) 


Also elnoa 

K |-,(4 )+i^' 


jp=— tr' 

»j=— Ir* 



( 18 ) 



ok till ffriAoi tjlansUtiom aMd sivoi.dtion 
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We And for the Borfece ti«otiouB» 



Now we maj eappofle, 

(1) there la no tangoabial nhpping over bho solid spherO) 

(2) thei'e is bangetiblal slipping over the solid sphere. 

In both oases the following boaudary oonditions will hold good. 
When r=o 

(0 Tho radial vekMiiles most vanish. 

(m) The volooities ai'e oontinoons. 

{{{{) The oomponant snrfaoo frnvofcions am teiiUnnoas. 

When r=6 

(itf) Tho radial volooiby daoto tiio motion inside tho liquid sphoi'e 
will vanish 

2. Vlrst let ns sapposo ihoro is no taugentdal slipping over tlie 
solid sphore 

The noiTiial lU'oss la givon b 7 the expression, 






A BtmoBH oiiAMDaA uItr^ 

6ho threo oompouenta oF whioli onn bo writteu m Tirlae of tlio relation, 


[lAml], p Ad6 ICq (14)] 


-p-r+ j 

AV+a'( 


4u'D' Kr* ] 

\ 0 

1 

(^) 




+ ?■ 



+ ! 

r 1 



^ 4iA'iy Kr* 1 

r T 1 

1 A 

j &y 

(r.)- 

1 

-P.7+ 

[^AV + 0'( 

- 1;*' ) 

4#a'D' Kr* 1 

' T " T 1 

4 

! a* 

(3) 


Snbtiraobuig tbosa from (13) wo 8nd for tbo oomponenls of tAngon> 
tial otroBai 

gf AV 2^ ^ I 

K “ V ~ V j ' 

- <“> 

At tbo Hurfaoe r=b tho iwIihI yolfioily nnub vanieli and bbo ^na* 
tiniiB (10) rnuBb giye tbo aompouonta of langenfcial yolootfcy Binoo we 
have nBBniuod that bl]ei*o lu no tangontiRl elipping ^ tbo Borfaoo r~&, 
we haTti tile equation i 

I A' W ^0 (19) 

10 0 o 



ON Tlllfi BTBAm TBAKlIT^iTTON AND ENVOIitTlON 
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VraDi blio 1x)iin<]aiy coiiilitioiut (t'l (ti), (it/) and (tv) yre liaxe tho 
following oquivtionn, 


u- + A =0 

n" jut 




( 20 ) 

(Bl) 

( 22 ) 


r 

(24) 


s-Ka i « — 


TIiiih wo Imvo novoii oqnatiuitH (ID), (20). (21), (22), (22), (21) and 
(2D) to dotamino tlio wivon unknown i^annbitiuii A, 1), A', D', O', D' 
tind n inbai’iiiA of IC. 


Solving wo Imvo 


1 o*+a*6+o*D* +oD* + D* At 

^""IV — — -1^1 ^ 


()'=i a*+a*H’ii*b*-i-ah> + b* V' 

LU «■ V, / 


and 


Ky 

8 







g IHBODH OHAITBILA VTT&A 

Patting j=r oofl fl, the radial velocity is eq^ftl to 

The flci M. 

Bnbtenda an angle S at 0 ib given by 

If wo impreae on everything a valooi^ — TJ, we get 

( 20 ) 


a Let tm now mppose that there le tangential dipping, the oootn- 
dent of slipping being donated by fi. 

Then exppeeBing 

TwynUtl foro p 572 ) 

° Belative velocity ^ 

we get the following two equatlone. 

We may take either of the equation* (30) or (31) omuliined with 
the eqnatioTifl (JiO), (21), (2B), (28), (24) and (2li) to detormiiio tho 
oeren unknown qnon^Ues in terms of K 

SriABY Bjivolotiok. 

In order to Hnd the atoody rovolation of a liquid Hphoro liaviiig 
a folld oore, it will be convenient for ni to Qnd, flret, tho revolution of 



Olf TUB BTIAUT TRAUBIATIO'^ AND KUVOLtJTlOH 


a Hqnid apheroCd bounded internally by a oonfooal Bolid aphoroid, 
both rebating about tho oxla u« «, tbo outer liquid with an mgnlar 
velocity « and the iDoar boundary with as angular velocity The 

external motion will be hbe same as if a rigid Gilipsmcl of rovolutbu 
were retating In an Inflnito maaa of liquid about tho aiia of «. The 
extonial motion duo to the revolntion of an eUipsoid with thi-ee unequal 
axea haa been obtained by D. Edworda (Quart. Jounutl, Vol. XXVI, 
1808). We roproduoo below tlie valooe of «, v and to, obtainod by 


lilm. 


_ iap* 

■"(a* 



( 33 ) 


/ \ i<rp*v** f \ 

,=-<r ( ) .+ ) 


and 


trzs 


to 


6*B + <j‘0 


A 


OO - 


OO 


P.={(o«+\)(6»+X)(o*+X'}i 


( 88 ) 

m 

(Sfi) 

( 88 ) 

(87) 


1 _ 



( 88 ) 


a, 6, 0 being the Boml-oxoa of the olUpBold. 

Now lot na eupposo tiiot ttio boundary oE tho Innormoat apboroid 
ia glyeu by 


While that of the outer apboroid ia given by 
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StjfiODd OdAirbAA Ittt&A 


Tb u obvlona bbabX^ua pontive quantify Then for any point 
onbeidB the oubei' apheroid, u, e and u are giTe by (84) 'whei'e we 
pnb &=o. 

For any point on the onber spheroid we musb replace X by 
(X>X,) 

Then 


a M 


te 


(41) 



The normal ▼eloolfy u clearly aero. 


The oompouent aatfade traotloos are given by 


P 




a*+X 


(48) 


P, =-« ^ 1 

*' 6^ B;^^(6'+X)«(a» + X)* 


P ^ 1 

'• ^'hT+X . Bj^^(fr'+X)'((i«+X)* 


(48) 


Binoe theoonditlon<Qf flnitenoes at the origin is no longoi* impoeedi 
we may aseame for the internal motloDi 


HsO 

o=— A j— OB j^e 
»=Ay+OBj^|/ 


W 


These satlafy the equations of ‘oontlnuify and the equatums of 
notion. 



OR THU BTHADT TRANSt.ATIOR ARS ARYOLimOR 


11 


Alflo 


p.,=-y. 


a«+X 


6“+A (ii+X)t 


ra»+x)^ 








(46) 


Tlio Innndar}' onnditianfl ni'o when X=X^ wen, ii=— u r and 
»=:oqf (40) 

Wlion XsO 


«=fl, tisa — m'« ai)d «*— «'y. (47) 

The ooinponont nnrCooe fcmattoiiH Tnnnb bo oonbiunonB when XeeXp 
Those giro the following eqnntlous . 


A+OB^ ssc* 

(48) 

A+OB=«' 

(4fi) 

> 

U 

1 

(60) 

Solving we have 


A= 

(51) 

0= 

(62) 

«Kl 

(68) 


Tlinn vro got A, 0 and 

In the onae of the ephevo we hfVYO a=6=e 
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SUBOOH OirAVDEA. ICTTEA 


Thei'efui'O 

_a 1 _ai 

TT (i+JC7)» M'S 

(64) 

where we write 

(o+XJ=t 

(56) 

and 


(66) 


Therefore 

Tti onnolnBlon, I wish to exprou my indebbednowi to Dr K hf. 
Drum for hin valnablo ontfolRm and help in irhe prepamtlon of fcbo 
paper. 

VoL XIV, No 1, 
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On thb Bhoondajiy Syeotrum op Htdrogbn. 

fir 

PAMOIfAKOH BaS, M.Bo., 

JitKtvrsr in 86ramj»nt CoH^, 

Although ihe iippUoation by Bohr mil Sommorfolilj of Quantum- 
theoi7 to speofcrofloopyi haa met mth % phenomenal SDCoews the only 
atomn, of whioh tlie lino-apootrft, haye aa yot boen qnimtitaHTaly 
Moountod far we thoaa of hydrogen and ionlned holinm. Tho noxt- 
atmoture In the ardor of ooinplexity is tho heUnm atom. But u it la 
a problem of throe bodloa, no axaci aolntloiia Imro boon obtained. Tho 
hydrogen moloonle la afcill mcrro oomplex, aa U conaiBto nf two oleatrona 
and two hydrogon-nuoloi. The only oxiatlng model of tho hydrogen- 
moloonlo la that of Dobyo, but tho dynamical aolntion oC tlio Bobyo- 
modol has not boon ofPootod yot, altbongli it boa attrooiod tho attention 
nf S]ll)ai’ateln and Sabo. Ufa prootioally oatnliHaliod iutw that tho 
aooondary apoolrom of hydrogen fa omitted by the hydrogen -inolooule 
So a theory of tho moondary apoolram mnat itist uu a workable model 
of the molooulo. Tho preoent paper ombodloo anoli a modol and tlio 
HaimltDn-Jooobian equation of tho aanio can bo aolvod to a eortdn ordor 
of approximalion. A fpoqueiK^-faroiula hoa boon dodnood t but u the 
aooundwy spootvom of hydrogen oonafata of an oxtroinoly largo nnmbor 
of hnofl, it fa idle to Identify oaoli id thoeo linoa with aomo linoa 
naloulntod from fuiianla, at Uio pivaunt aloto of the unhjooL But 
aa Sommoi'lold has ])uinU)d unt, wnnu other fentnros of tho Hoaond- 
ary Bpootmin aliould bo Btodiod witli a view to ulaoi'vlng some roRnbu-ityi 
and if snob is olaorvod, uny now tiioory should be baaed on thorn. 
Gllbsohor has oburvod' that if the maxima In the uJieigy-dlagrani of blie 
RQoondai'y spootruDL aro uapor)>oxod on Balmor linos, then oaoh 
Bolmer lino iioarly uotnuideH with a oumspoiidlug Tnaximnin Tho 
model BUggoatod here ap])oaiv to aniiOTint for this to nomo extent. 

In ordoi* Ln wl^to at the propoeod model wo ataii from the genoAia 
of tho molooulo. Wiion two nontral hydrogen atoTiw approach eaeli 
ether, tho opniro of grarity id their nwolpi is approximately at peat 
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PANOITANAH TIAB 


or in nnifopin motion, biiiog tliB masDOfl of tho olooti'onN wo sniAll oom* 
pftyQil with thoB6 of the nuolei Now aiiioe the Tnntn&l foi*oo botwoen 
the imolel ih one of ropnleion tlioy woald Hy apart after soino time 
niileu some eleotroTW uiteiweno Let oa place one eloctiwi at the oontii> 
of gravity of those two noolei, no that this oloctitin niovoH iu a ]»nioti- 
(^y foiTO-fi-oo Reid Tho two nncloi will now Josovlho oloaod oibita 
abonb this olootron, and thoso would furni an elliiwio-voroin or dogonomto 
into a oirolo. The iHjmaJinng oleotitni may now dosoriho some orbit at a 
oompamtiToly luge dietauoo fram thia ooniplez stinutiiroi Tills oom* 
pletes the model 

The potential of this comploz sti'nuburo consisting of an ulouti'on 
and two nnolei oan be shown to be approzlmatoly that of two oontren' 
of force, Or wo luay raplaoe the two involviDg nnoloi by a Wng of 
eloetdo charge and expand its iiotonlial in a sorioe form, lint it is 
immateinal whieh ^vay wo ivgaitl the pitibloni, as it is the fonn of the 
senos-formnla that oonoome ns and not iho immorical valuo of bhu 
oonstants involved thoreiu In acooiilaiiue with tho latter vlow tho 
potenfJnl is of the foivu, 
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If wo retain toimB np to l/r* only and qnantiso tho atom in tho' 
polsr coordinates of tho valoncy-cloatmn, wo shall then auHvo at the 
ngnal Rydhoi^ Farmnla • — 

-N 1 _ 1 

^ (« + «)■ 

Now tho term is proportional to tho sqaaro of tho ivuHns of tho 
ringof nnoloh If wo assume that this nnolesr ruig also Is qnaiiblsod, 
then 0 } beoomes a fonotion of those qaaiikiin nombcin. Tima tlio toi*iiis 
0 , /8 in Eydbergs formnla quoted nlwvo, am also fanotions of these 
quantum numbera Assuming that theso nnoloi, each of mnaa M, 
desorlbo the same oirole with radius a, and hare an angnlar rolodt.y u, 
the equation of motion is 




' 0 / ^nlr Ann, d ph^ifk, }B|0, 



Olr Tllli BtCONbAlY OV lltBSOQjUf 


IK 


HDb]oot to tlifl (^iiautiim'OODditlon, 
2Ma«oi=^, 


Heiioo 


- 


lb is show ill SommoFfoldii' AtQm>ban, 2Dd oJ. that the oouatanb a is 
llydboi'g'B formola 1 h proporbioiuil to and tlioi'ofora tu Wq*. 

Wo now InbrndDoo tho idoA that whon a qiifi.utnm-»diabion tokos 
plaoe, bolli tlio iinmliQi's » and h , soffer a qnaiitnm'bnuiBit, \rbioh 
amoants to saying tliab a I’d^anuigoinent of both blie inner stmotui'e and 
and blio outor eleotroiis takes plaoo dnnng a radiation. Undor tho oir* 
oamsbanoosi the fi'oqiu)ii(j)'«foi'nin1a takos blie form, 

^ N. 


irlionj k\aa miiaU quantity of the oi'doi' of ei/H 
This 0011 bo spproxlmatoly written ns follows i— 



N..2fr. 



From tlio ozpi’esBioii for tlie radius of tbo nuoloai’ iiJig, it is oyidout 
that unless a. is yeiy laige, this ring is muoh smaller than tlie one- 
quantum or two-quantum orbit of tho nntor eleotron. It is thus obrlons 
that oorrospoiiding to ovary qiiantnm-juinp of tho outor olooti'on, quibo 
alnrgonumbor of trausitions in thnvnluB of o.iri posrriblo, and this 
will give riRO to a largo iiumboi* of olnsoly grouped linos. This aooounts 
fur the maiiy-Uned oliMuotor of tlio soooiidni'y spootiiun. Alsu the 
form of the fi'equoiioy-foi’mula at onoo rinnalisos a oloso rolatiou 
botwoon the Kocondary-spootram and tho Balmer linos. For Insianoe, 
If we put n=2 and jpB=8, tins oni’nspombi to a quantoju-ti'ansit in tho 
hydrogen atom wliioh gives nso to tho lino 170, In tho moleonle 
howQTor wOvShall got largo olnstor of linos somowbora noai'Ko. Simi- 
larly, if wo put nesB and pesl, wo shall gut anothor olnRior of lines 
bi tho noigbbuui'lioocl of and so uuJ 'It is to be bonio in mind that 
these oluAtoTB most probalily overlap eaoli other so that no weU-deflned 
line of domai'kation oxiats between them.' The net appearance of' this 
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fitrtntiNiH fliB 


theoretical epeot^am ia neither that of bendi nor of aerioa-HneB. The 
puwdlDg ohei-Boter of the aocondary Bpectrtmi and Its non-oonfonuity 
to any olaea ii qmto woU'knorm. 

Of coorao an aolnal ooloulatioii of tlieao liiioa and their identifloatloii 
witli the indiTidnal lined in tlie aocondary apeotmin will lead to no 
whore, hot Uiero aro other foatm-ea of the fmmnla which lend thomBolvBH 
oemly to an aiponmental teat 

Ab already montloned in tlio inU-odnotion, Ghtoolior obaoirod that 
if the niMdma in the anergy-dlaffram of the aocondary apookmm of 
hydrogen wo« denoted hy the aymbol H.', etc., then tho diffm*- 

onoe in wnTO-numbar hetwoen the aboTB and the Bolmoc-lmoa j t.e , the 
qaantihee H.'-Ho, etc., wore opproxin atoly constant. 

We can reaaonahly SMomo that the abito of the iunor cure of the 
molooolo which oorreaponda to those maxima, must bo the moat pi-ohoblo 
atatofl. liot bo the qaantnm-mimber denoting thcae moat pio- 

bablo dtatoB. Thau it ia aeaily sean that 
H.'— Ha= — KrSfr**.* 

(^“ p ) 

-N..ak.»,* Qi- . Ola 


Hence the ratioa of bhoeo arc 

1 1 1 

“gi“5B’55“4i’5i S« • ’ * 

=078 ! 0*01 1 0-97 . 1 1 . 

On Wio other hand from the oimrgy-dingiam we dud 

Ha’ — Ha 1 — Hfl I Hy*— Hy * . . . 

=1S80.U70, 1643.106a' . =0-84 : 0-80 1 0-96 1 1 ■ . . . 

H the agreement between the tlieorotioal sod oheerYed valnea is pot 
quite alose, these valaBs arc at least of the same order of magnitude. 

We must make room for the posBlblHty that w, may nob equal y, in s 



6H Tlt< aiOOKDAEY aPlOTBtlt Of Htl)EOQH3f 
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g_iiftntam jump ooFraspoDdiug to auy maxiTunm bi the eDtrgy-diagrtia 
bub niaj bo slightly difloFoob from one another, this will oertainly 
modify the tbItu of the ratiofl to aomo extent. 

Tt 18 aatnTal to eipeol that the oomplex oora of the moleonla la not 
VQpy stable It u thus obioiu that at low voltages, the apark or the arc 
■pootmm ihonld oonslat of the aeoondniy lines emitted by the moleonle , 
and when the vnltago la Increased, the molecule atomises end. the 
Ilalmer lines shonld make tliair appearance. This is well ooiToboratocl 
by expenmenial remits 

There ore i<eaaona to believe that the lesonanoe and lonisabion- 
potentlala deternuned by electron ‘oolhaion (Horton and Davies) are 
not really thoM of the atom, bat of the moleonle (see Foote and Hohlev s 
“Ongin of Speoti'a,'* p 76) If we put »=! instead aa in 

Lyman’s saiiee, then the lonieatioD and reeonanoe-potentlals of our 
moleonle will differ from those of the atom by a (^nantity of the order 
ia/h£, Henoe onv model bears out the oonjeotiu’e of Foote end Mohler in 
a striking manner 
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HiaHUE Oedbe Tides in Oakals op Vaeiadlb Beotion, 


Bt 

i^RimiiHA Katii Shn, I) So. 

The only problom nf higher onlot* fcliloB oomplofcoly solTod in the one 
coiiiitlerod by Aliy* find MoOowaii" iii wbloU fcho Beobion ib uniformly 
poolangular. Tho objoob of fcho proaoiit paper in (1) to ontabllBh the 
oxaot oq^uatioiiA for fi’eo tidal OBOillatlona 1 n oanala of vai'Uible nootlon 
and (.2) to dafcormine higher order biilos In a panvlMvlio oanah* 

2 Taking the origin on fcl^o nndlatiu'botl level and tho axia of 4 
parallol bo the length of the oanal, tho exaot equalloni for free tidal 
oflolllations in oanaln of variable aootion may eanily l)o aoen to be 




0 » 

e< 


+« 


0 ;' 

S". 7 e - 


(/ 


0 e) 


Cl) 

m 


trbore u,ifjb,h,p turn volooity, tidal olnvntlon, lirondtb, dopth and 
proiNui'o' at a diBtande r 


3 Tjot b=&o, A=Ao ^1— » "o tho longitudiiml section is 

a parabola. In this oumo, w Imyo fi-om (1) and (2;, atter a littlu 
Himpbfloutlon. 


8 fl-.-') 0 -’*=i_i - 9 - 

a/* b* 0 ; ^ ' 0 ; « ds 

. K 8 
^ e.- 


l 




0 « 

8 : 




( 8 ) 


I Airy— "Tidoi and Wavoa" Miiey Uolrop. Art., lUB, IWS 
• MoOowan— " On tbo Ihoory of Iwig wdtob, oUj." J*hll, llag., Horioi 0, Vol. OS, 
m, 1S03. I 

Alao hamb— *' llyilrwlynamlra,'’ M IV, p. BOI ami p. 373, (1010) 

■ aiili iffoblom vrnB aUamplad In a pm^iotis iiMie nl Uiti ImlloUn (Tol. X, I1}1, 
101B<1U) bub UiQ ■olnUun obtainfld Ihercln la wrong duo to the two of Inoofreot 
eqiwUuni of niotlon. 



SBIPISDU HATH OK 


ftO 

-whsre 

a 

fCS — 

a 

Noglsoting (tqnarei Bwi higher powora of « and ij, wb hare from 
(a) and (3) 



Aoratning that ^ oo < and putting 

ff*=i.(n+l) ■■ C4) 

^Te havs 

f, | 3 +» (n+l) < 1=0 

-frhence 

,=0 F. (c) n”^' 

-where » ia to he integraJ einoe 17 mnat bo finifo whon e=±o, t.e. i = ±l , 
From (2), 

(ur 

correct in abore order of approximation 

Kow, Bubetitating tho aboTo yalnea of « HJid 17 in the 2nd order 
tomM in ( 8 ) and neglecting third and higher power* of w, ^ and their 
differential oo-effldenta, wo have ckfter a little eimpliflontion. 


0 


(!-*•)- 


»(»+!) 0 '»| 

(T- 'ST* 


-flO* 6 
' 5 'f 


[ 2 , F.- 


{•)-8» (B+1) P.(0 P.W] ... 




,= 0P. (i).’"* + Si, F, (0 - W 


Aunming 
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where hfia no bhibII that its second and higher powera can be negleoted, 
we haTC from (5) and (0) 

% k, [4»(«+l)-T(r+l)]P, (O 

= a£i I (2,p'.-(.)-8«rB+i)p,(OP'.(0] - m 

a*(r* oa 

27ow, It can be oaeily proved that 

P. (,)=(2n-l) P._» (»)+(2 h-B) P.-i (a) 

+ (B«-9)P,..0)+ .. (8)^ 


(0=«P.(«) + (3«-»)P.-i<*) 


+ {2«-7)P.-. (.)+ . CO)- 


Ahw P,(a)P.(0=^, i ■ 


_ ? A.,, A, A.„ 
rs 


2(«+ct) + 1— jtr 


P«+»-»r(*) 


(10)» 


where 

Wid .. ril) 

& P'.«(i)-8flCn+l) P.Cf) P'.co 
=P'.(0 [2 j p'.(0-Bh (h+ 1) r,(0] 

= [(2»-l) P,-.(») + (flR-ft) P.-.(b) + '2»-1)) P.-,(f) + ...] 

[_fl (Sti+l) P, (O + B (8h- 3) P..,(f) + B (&1-7) P._4C<)+ ■•] 

= [B...1 P,.-,(*)+B,.-,P..-.(0+."] - aa) 

ezpneaing the pi'odaofc of two Legendre’s oo-eflloiente in torme of 
Legendre's of^oflloionlia h^ C^O). 

I WhlUnkar— Ued kntiyiih p 808, Renlb 17. 

« WhiUaker. Rdd, p. 814, Nz 4 

■ Adame— Proo. Boy. Boo., Tol, 87. AUo Whlitakv, lUfl, p. 888, 



zraiFnBUA HiVTH ran 


ITow, lb may lie easily Been that 

n,... = -«(2»-l)(8n+l) 

+2 (2»-l) t2ii-3) Ai^i-Av _B (2n-B) 

+2 (2„-l) 12B-8) ^ 

+2 (B«-l) (2n-7) 

+a (2 b-3) 

afco , eto, wliere A„ w giYon by (11), 

Again by (8), wo have 

± [B,.., P,.., + P..-. W+B..-. P.-.W + -] 

at 

=^•■-1 (O + Of— * (0 + t^i— ■ (*) + “ 


wbore 


0,,_, — (4di— 3) . 

0,._* = (4n-7)[B,.-i+U..-.] 

(4»— 4(/+l) i 

, r=l 


... ( 18 ) 


iltohlUl Ofi.DKE TIDES In Ci.H^ OV ViMLlA^IiE BKOrtolT 


Trom (7), wo liftve 

[4n (n+1)— r (r+1)] P, 0|«-i j Pn-ij tO 

which giTOS 

fc.r+i=0(r=0, l.aotc.) 

gO* 

a*tr* 4» (B+l)-(2ii-^f (fla-^+l) 

whoFO 

a .. B 

Honoe from (6), 

i?=cp. 4iH»+i)-(a»-"sy)(Bii-sy+i) 

... (14) 

>?ho« If glvou by (18). 

4. Pix>iD (U), ifi if ffridcitb tltol tlio Uiid older tides sro proper* 
tloual to 0* aud tUoiv £roqaonoy in donblo that of the priaiary 
dlstai’bance 1( the appi^Dzluuvtlou bo oonUuaod It oati be shewn that 
order tides ore pi'oportliial to O' and ite fi^ognouoy Up times that 
of the pi^mu'y. 

6. The following partiualai' uasos of bitcrost may bo easily dednoad 
from the above rosoltfi 

(«) H »=1. =!•«. ,=o !•.(.> - . 

(6) H »=a, i.c. -J 5 ^= 2 S. n=0 p.(.-)» |i+8p. W | 


(o) If nes8, ».a,^^s3 4, 

gfto 


-0 !■.<•)• 



HkuurbkA siiE akt 




(d) If i»a4, * e 


^^■= 4 - 6 , 

ff "0 


, = CP4Cl)« 
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Os THR PUODUCT OP BHSaKli PUSCTTIONB. 

i 


Br 

K. Basu 


Ml*. AbftTilbl»TU»an T)abta (Bnll Oftl Motli Sno., Vol, XII (8), 1921) 
fitund onfc Rn expranBlon foi* fclio prodnofc of two BoaboI friTiotionfi in a 
serlos of BimmI fanofcloiw by Iwii distinob mothoiLi bob it was InooinplBte 
ID M much oa bo dLd not lay ninoli RtroJW open fcho ooej^nt$ Tho 
profont paper embodies a Iktnl inofchoil of tho name, which soema to be 
an infceniatlng fwid atnuglib-forwanl oiiftlynia and attempt liM beon made 
so that it w appUoaJjlo to nay ««f»*W uf BofMol fonotiona The neooud 
iteotlon of my treatment iiirolreH a method by meane of whloh one 
oan effect imloflnlto mtogi-abion of any nuvtbor of prodnote ol Bewol 
fonotiona. 

I 

SchOnholsor OHtoldiahod 


* f-)T (M+*'+2t» + l) UO 

nl f (^+»+l)r (•'"+w+l)r (/i+H+H + 1) ' 


for all valnoB of and v Also Neomann proTod 


. 2 (H + 2fU«+r“l I 1 

J.+irU;, 

whcniio 

(iO = |^(^+v±?i±3!2:^trt??±r=l)! 

.’.yoj/o 


oo ** p r/i4»y + 2Bjf 1 fft«hyd-2H+2r+l)r (^ +v+2»+r) 

^S:r=o”i^*r(M+“+^)r t>'+*+i)r(M+''+«-t-"i)r (m+^+®*+^»'J 

-J/i+r+Bw+Br 




.,4<n J +<fea 
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K. BABII 


[iV] we win onnily ilotormino bhe oeodloionbi O,, 0,0, O , 

“■ -4 -ll 

, ill lomiH of HflvioH of Otimnift fniirbinnH fn faob Oq in obbalned by 
pnbl.inft t>=0, r=0,O by pniblng «=1, i=Oi uml r=l, »=0 Enitl 
willing Tip Lliu i>0HiilbH IngonomlO in obtained by Hnmming np bbo 
IjvrniH for «=0, rssk j ns=l, r=Jlf— 1 w=fr, f=0 Thun 


0 , 


r (/*+*'+i) 


r(M !-''+») f rif+r+i) rCf^+ v+B) ■> 

. r (;*+••+«) Iroi+ori'+i) ^ Yi^+a rcv+n) )' 

Ao., Ao,, &o 


-■* loir(r(^»+i)r(>'+T)r{/*+>'+ij 


4.f_i r(/‘+>'+ 3 )r(it+ri±H) 

'ii(i:-i)ir(/i+2'r(>'+a)r(M+v+S) 


‘ ant-a)(r(/*+8 rcv+WO'+^+i^)^ 


Lf_i* r (/»+>■+»*+ i)r( M+'-+at) } 

imirffi+n-iirli'i »+i)r(/‘+i'+t+i) >' 

(k hi) loinm 111 nil. 

lentil I'lio goiiiu'nl hciHoh fiii’O wonimwinUi down iiny uiollluionb, 
l.liikL Ih Io MFij', for 0 „ \Y(i taku blm Ural burm pnbblng jl’=n, for O wu liiko 
llui Ili'Hl bwo UimiH piilLInn ifrsl, nml no on ITonro Uio i‘nell]nloML>i uni 
(luUinniimhlo and wo uHUIdlNb 

oo 

J (OJ (»)= SO J , . n (*) 

Agnlii 


=*o.,J;^(OJ^+/')+o_gJj^(OJ^^p+u(0+- 



OH TUB L'RODUOT CU' AKSfiBL fUtTCmOMfi 


a7 

Bup)X>&o 

+«'_2fc^x+,i+v+av^*^+*° ■ 

+^'-aryx+/i+v+2i'+2('^+*° > 

+“'-ait',A+/t+»'+ai'+i^*^+*° ' 

Ao , «feo., &o> 

Jxf*)‘*/t+»-+2ii^'^“^'n,2jfc^x+/i+i»+at^*^'*'*^— Siat^^+zt-hK+ai+a^^^ 

+ -+^^'_ak',afc^\+Ai+v+Bi+ai'^"^‘^*° 

ThefQfui'O oil HulwliUiLioii 

Jx(0.y0.i /0=«o[ “Vx+^+,<’)+“'-a\+^+F+9(»)+ ■•• 

t ■■ , 

+*^'_aib^x+^4.,.+aA'f*)+ ■ ] 

+o_B[ooyx+/i+H+a<'^+'^'-a,3^x+/i+K+4*'^+*’* 

+*^-at',a'^x+/i+.'+av ha^*^+- ] 

+n_4[o'o,4’^x+;^+v+4^'^'*'‘^-ayx+/i+K+o^’^+'*- 

+°'-2t',4^X^-fl+v+2A:'+4^"^'''"‘ ] 
•h Ao., Aa, Ao. 

+**'-3fc',afr'V+,*+P+Bt'+aiii^*^+‘- ] 

+ Au. 

+ Ao 





ild 

Trbere 


^o"^oP'o* 

«'_4=no“'-4+‘^-a“'-2^+“-i“'o.4' 

oU- , ol*-., oto. 


+“_ai^o,2A' 

and BO on , iKat m tlio uuw oouUloiHiita lu-o oxintiSMiblu in loinifl of botIob 
of prodnotB of known ocoffloiantfl. Pi-uttoodiuff m a nlmilttr minuior wo 
oblnm foi- (» + l) fnotoifl 

+“L"i ■fx,+x, + ...+x.t.+ii 

+ *o,Bay,whoi*oHiocoomGiontHO^f"»,n^^), oi-o dolorrauiablo from 

ihdflo of the pi^ilnct of n faoUiM The gonoinl forinnla in 

®® (•) 

2+ai' 

whoro S Btoiula for A.j + ^+ •+^,t+V 

U 


j /,)= s (“)' 


^,+2r 


=0 ap+^rlr(f'+»-H) 


From doflnitinii 



()2f TKE fAUDlJut Ol* 1) BSSIi VUMOlLOUfi 
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whence 


^p+2f+l 


yV.)..= Cl) 

=Vjj+l + VlJ+3+Vjj+6+'^* 

whoi'a Oj, «jji «gi ftitj mMloUnminod uocfllolonlB Siibetituting the 
tbIuob of Jp^ji ^ above wo flud 

f ( « ^r+ii-a^ ■) 

I.T \ S (~)' rr-TTi f + 

J P ^Cr=0 2J*+l + '*'’r|rO»+'+^)) 

( oo j>4-3+llr "J 

■4-i.‘-’'5T.T3ssFiTrS>i*‘'' 

Conlp^ll^ug tho ooefllaienlB of (to., uo obtAin ofLer necessaiy 

Rimpliiloabionfl, 


Houoo 


louoo 

Again 

="oJ •c^+,+a(->'-+"-4j 


+ "-4 M+ i'+2f+ 

=“o[ ^^+,+ l^‘^+-\+y+3^‘^ + \+y+b<-’^+^ ] 
+«»_a[ ] 

+3n_,j[ •V+r+BC')+-Cp+,+7 C')+Jf,+,+nC')+*^ ] 

+ <fcc. 



ao 


K. HVSIT 


+2«-2i[ ■V+-+aM i("+V+K+aA+3f')+*"" ]+*“ 

=^«)'o ^+,+iW+sKu )'_2 J^+,+ 8 ( 0 +... ; 

+ 2 (n)'_. 2 fcJ^+»,+ 2 it+i^=^+*“ 


>rhe» 


(«)o=% 

(“y_a=«o+“-a' 

(“)'_.i=Qo +“-2 + “- 4 ' 


li'i'outMduig la A aimibiiV manitor wlU) tho fcliroo*i>rodiiut inUHOub 
we oblAin 


1 


oe 


wLera {n/Q=0*Q, 

i (0/_3=.n'Q+I/^^. 

( 

. 

Houae, 111 goiionvl foi (M+l)~prodaut<luhifpa 1 , vfo oet^illHli 

wlm'o S biLU the asual HigiuQuauoe 


I 
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LONGITUDINATi VlBHATIONfl OF A HOLLOW OrLINDBIl. 


By 

JrOTTRUATA GlIOSU} M.A., 
Tjeefurer^ Dacca Untvemljf. 


1 Tbo lungitudinol vibitifclonH of n tlibi oh'onUu’ ojlindor bavo 
beon diBOTuiMd at ^xiat length by Lord Itnylulgh ’ A iiocunil approxi* 
mafcion (retaiolng tenufl op to the eqnai'D of the mdine of tlio oyllndei*), 
g^ertlly kaowo au I*uohhnTunioi*fi Mulutioni liaii aloo boon obtained by 
O.'Ohree,* The fivqnoiioy oqoaHon Foi* a nolld c^lindor of any mdliu 
IB ^von in Lore'H Klnntialty Tho objoot uf thiapapoa'ln to obtain 
the general froqaanoy eqoation for a liollow solid bonndod by two 
oo-axloJ oironlu' uyhndaro. 

2. >7o tako the iuIh of the oyhndur iia tho axm of f and (r, (1, i) 
thu oylindnunl uooixluiaUm uf any pulnU Dunoting the dlHplncxmionla 
we may tutHumu,* as uniibI, 


u =Uo'<“ 

f 


(]) 


In tim caAo of hniglLndliml vihintioiui, wo may pnt L)=0 nncl tako 
V and W uidni>enduiit of Q, Wo then hi^vo 


+'|,+mW 

=». =0, >!«= .aU- 
where w liun been put fur 


I2j 


^ Theory of Uoetnh Viil, T, Olin|>. Vlf 
■ Qiurlorly J uf Hath , Vu), V| (IbSO), 
* Iatc'h BUBtleltyi Art, flUl. 



JTOTTUirAYA flIICWH 


Tho equaHoim of motion Jn lonns of A “ ft™ 


xi0j^+fc«A=O 

Bf- ^ r ar^ 

0 ’- +1 0 _“-"+fc'«=O 
87* ^ f 0r f* 


The BolntionH of the oqonlKmfl (3) may bo written 
A=5A'J.(Ar'+B'T„(ir) | 

Prom 1 2) anil l6), wo have 

IP +U +.„w=AM.(J.r)+B Y.(;.r) 

er f 


= CJM , ( irr) + IVV ,(A. ) 
0 f 


. (fl) 


. (4) 


M, (B) 


TIioho aJD KntlHHeil by 

a=A ^ ^ Y„'Ar, + OuJ,(lM') + l^uT,(iO 

at* or 

W = A la J „f hr) + B/oYo(ftr) 




^Yhera 


A- H- J*!_ 


r- ^ T)=- , -— 

u*+<r*)» ’ (**+a*)^ 



TiOHCilTUDllffAL YIDRATIOBfi OV A IlOliliM UYTtlHDHR 


sa 


The tPRotionn (Wwibs any irarfaca r=±** are pv6n hy 
r?=XA + B/i^^' . 

□oX[A'Ja(Af) + B'Yo(Ar)] 

+fl^ |. [ A J„(fcf) + OaJ.(h')+B Y„(hr) + l>aT,(frr) ] 


which, after RimpliAoodon, 


=M 

[ X’YaXO+'^Y.W 1 

. r 

|lrJ.(ir)-J.(h')| + { 


rf=0, 



fi=>4 


1 1 

) 

«./* [«0'J,(»r)+9iyT,(b')+a 

8W ) 

Xf 5 


-wbloh reduaoa to 

+i;i{A. aaW,(ftr)+D. 2«AT,(fcr)+0(fe*-a*)Ji(fr^)+W''-“")' 

T,(frrj}, 

In which we liave put , 

X'=X(fc'+a»)-2^*X" 

/*'=V‘ ] 

8 Tho notatlonii for Bof«o1h fouotlonR naad in thle paper tiro thoio 
of Gray and Mathowfl and In tho umpllfloatioiui Involved In the fpllow- 
lnBprr»oa»iQ8.iiBO willbe made of tho onlinwy iDonmnoo-fonnuloo 
forthefaiujtloiiflJ,(«),T.(.).J.W, Y.>) and «nno ofchom derlvod 
from them. Ubo wUl alao bo made of the two thooroniH ■ ' , 

(.0 \ 

‘ army and Mothowi, Boiiel'i J^noUona, pp. IB, 1*, 10. 

Ntotoa, Tlwerio d«r ryllndarfimWonon, p. 8*. 



nfOriBltATA QUOaH 


a4 

Oifli I —Born BommABTiB mv 

4. If thfi boundariefl f=a and r^b are both free froni traotiona, 
we bare the following oonditlonB — 

A^X'J.(Ao +<^,(fta) J+B [x'Y„(Afl) + ^T,(Afl) ] 

+ ^ [ *oJ„(Xa)-J, (Jhi) ] + ^ [ i«Y,(*o)-T.(fra) ]=0 
a[ X'JoCW)+^ J,(Ab) ] +B [ X'Y«(W>)+i^Y.fW) ] 

+ ^ [ JWJ.(W) + % [ MY,(W)-y,(M)] =0 

A2aAJ,(Aa) + BaiAr,(Aa) + 0(i^'-a»)J,(ito)+D(ifc*-a-)Y/lWi)e0 
A-aaU»(M) + B fiaXY»(A6) + 0<fr'-o*)J,(fcfc)+D(k*--o-)Y,(;fr6)=0 
Bllminiilng the onnstanta A, B, 0, D, we get tho freqnenoy 


equation— 


X'J„(Ao)+elj,<Xal 

d 

VJ, {») +^' J,(Ai) 

X'T„()w) + '‘- Y,(ia) 
o 

X'Y.W + 




^ {»Y,(H)-T,(H.)| , ' 

aaAJ,(ia) 

SnWiCAb) 1 =0 (7) 


/ 

2aAYi(Xaj , 9aXY,(X&) 


(^•-e«)Y,(Xe) 


(ir'-e*)Y,<X6) 



LOHaitUDlMlL TlB&AfiOKB Oif A HULLOW OYLtNDllE 


8ft 


|vjo(ila)+ [vj„(A6)+ II 

+2aAJ,(Aa) iv=0 

whero 

IX= JVT,(ko)+e' 

-iWT.CXo) ‘-(i'-o’) [*«*'o.6,-^a,6 J 
inc=- [x'T,(io)+^Y.(&o)] {(»•-«•) 

_ {x'T.(A»)+t^Y.{X6) 

IV=|X'r„tXa)+(^Y.(i«)] “iilfil) + 

+ |x'y.(&i.)+'^Y,(X<.)j 

wheiKi 

ap'Oj o,ar 



]YUTLa)tA.YA (fUUfili 


«’9rt 


Tlio Irttiunuoy-oqiittliou niaj Iw fliiftlly pit iii Ilia form' ' 

+ ^ \i>, ] 

+"t( 1 

] f -'l 1 


_ =0 ... CB) 

00 


whoro 


G 1 3-Q^„ 3j,(Aa)Y.(ii)-J.(W-;T,(?u») 

OrO, 0,a, 


' Cab* n — Owi hookdabt woid 

|S, If Uio oyUndei' be bw at the uarhioe r=a and i-lgldly olanipod 
at r=b, tho Ixinndary ooudlblone axe 


r A[^X'Jo(fto)+^ Ji(^o) ]+B [ 


+ ^ [fcoJ«(]to)-Ji(ito) ]+ ^ [fr<»TB(fro)-Y,tAo),]=0 

AaajWi(ha) + Ba(ifcTi(fco) + 0(fc'-oVJi(ia)d-^(*'-i')Y^(fro)=0 

AAJi(H>) +BhT, W-OaJ W =0 

Aa Jo(W) +BaTo (W) + OlrJo(tfb) + DhY„(lfb) =0 

I Hare, u iljo In Jiihor ouna^ tlio actual 'procsM o( dmpljaaabloD befog nUier 
long, bbo Intarmedlato iba{a have boon omlttod 



LOMflJTUlJlllAL VlfliAllOtlll Ot A llOliLUW GXI.tNl>KA 
BlumiiatEing A, B, 0, D, -wo liftve tliu fi-oquoucy-oquaHon 


VJo(Aa)+ ^ 

<iah3^(ha) 

% 

VYoClka)4*^Y,(/(o) 

&iAT.(A(0 

f 


)J,(la) 

1 

1 [itoT„CJt«)-Y»(M ] , 

(A“-a')Y,(ln) 

■ 



aJ„(A6) 


AY,(W>) 

aY^ihb) 


-oJ^W , 

Wo(W) 


-aT,(A&) , 

iYo(fr6) 


Aftor nmpUQQaUoD, ihis oqnaUon will retlnoo to 


) 

1 


j n 


+^1^Q , 

^ a f*iK 






‘ 6. The equations (8) wid (0) do j>ob wlmib oi oxaot Holntioiw 
App«)xIniftto Bolutionfl by trial may bo ubtalnod £di atauraod vilIuqs of 
the lutio o 6, by making nsa of feho tobies fpr tlio valnoB of Jo(*)i Ji(')p 
Y^(j), Yi(j). The Botoal wtivk of oaJonlotlon will of oonrae be voiy 


JYOTtBilA.yA QilUSlL 


oomplioated, The tables cif Jo(^) ^i(^) giveu by MeiueL^ aud 

those of TgCff) aud Ti(t)) by Airey.* Thia method has been adopted 
by Kr Sonbhwell* m the unmeno^ oaloolatioii of eoine of the approxi- 
mate yalaea of the period iu the caee of the tnuwTerae ylbratioiu of 
an annular dlso, where, in edclitioo to the ordinary Bessel aud Koainauu 
lonotlanB, the oori'esponding fanotioua with Imagmuy ai’gnmenta also 
appeal' in the freqneiK^ equatnon 

OiBi 111 — TniCKxiBB Qi me hhcll tibt buall 

7i When the thioknese of the ahell la very small, we may write 
a+da for 2>, expand the fdaotione oontainuig (a-{-da) In asoendlng 
powers of do, and, to a first appioxlmatlon, neglect all powers of da 
beyond the flnt. 

Performing those opei'atlonfl in the eqoatlon (7), we obtain tho 
froqaenoy-eqaation for a thin ahali of radina a m the form 

VJ,(Aa)+ (^J,(A<.) , -X'AJl(*a)-^J,Cia) 

'X'Y,(Aa)+ii;'y,(*a) . -VAT,(»o)-£T,(Jio) , 

O O' 

aWt'(fa») . 

ajbT,'(fto) , ut'T/l*o) 

'iahj^iha) , 2aA'J,'(Aa) caO 

2aAT,CAo) , llaA«Y/^Aa) 

(Jk--a*)J-(:ta) , (A'-a«)Ji'Cto) 

(if--o«)T,(fra) , (lo«-a')r,'(*a) 

' Uoproduood In Gioy ftod Methow'i Benol'i FuDuUoni 

■ Bop.Brib Aaoa( 10 l 4 ). 

■ Ptdu, Buy BoCi, Ber. A» Yol. lUl (lUSS), p< lUA 
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which gives 


'.(*») j 

{ 


f-' 


,(/ia)Y,C»a)-J.(Ao)T. 

+ 2Aa-^'V(i''-a*lH i Jo(Art)Y,(ft(i)- J,^Aa)Yo(An) 


1 


I J|{i'>)Y.'(l«)-Y.(»«)J,'(i<») I I 

+ ^!'»‘*'j*'-°‘ ^ ^J,'(in)Y.<*«)-J.(An)Y,'(4o) | 

+ |j,(ta)T,'(Ao)-T,(Jl«)J,'(i«)| =0 

when 

= t[ {- 8 Y,(iin)+T,rih.)] 

=-j[ 8 {j,(lm)To<»n)-J,(*r<i)T„(te) I + 

=4- J- 
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JTOnUtAYA QHOArr 


This can be fnrthea? filmplifietl mfcn ’ 

to* kh*a* hia* 

a a*t*VCt*-a* )/ 1__L 

rt \ to t*o* / 

, aX.'a* ,V«*tC*‘-a*) 2\'a*V(t*-a*) 

**■ a* 0* n* 

4a*h*f /' i_ 1 ^ 

a \ to / 

o* 

or, moltiplTizig ihroeghoat by a* \re have 

rt* ^4o*t<ft*-2XV7*'<fe*— a*)— aX.'ta*(**-o*)— jV'(t*-a*)> | 

+a'{ } 

+ o I * (fc* -o1 ) + -^ Va • (ft* — o* ) + BVa* -4o* t* | ^ 

+2/i'o'Lik'-o«)=rO 


If the tabe in of voiy emeJ] bore, nixl vs moy neglect nil powen 
of a beyond the fint, fcbo freqoenoy oqiubion ie 

fl|^^^i'*(f-o')+|\'o*(fc*-«*)+B\^ii*-4a«h* j +Va*(**-a*)=0. 


My bhankn are dno bo Prof H. ^ Bium, nt whoite fniggeetlon I book 
np, the irork, , 

Vol. XIV. Ko 1. 
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A &HMIRAL THHOBHK FOR THB IlBPRRaVKTATION OF X, 

a'— 1 

RTIHRR X H1IPRK81NT8 TttR POLTKOMIAI/ — r . 

Rt 

Pandit Oodit Ufadiitata, 

IfHehuom UniMrtHjf 

(1) It iii n wdU tlienrom hhftl if p li rd mid jirimo and if X 

roprfflenfcfl tho polynomial * there is a remarkablo trnnfiformatlon 

nf X, winnh may be expi'aMted nii the identity. 

4XsY*-(-l) pZ*. 

whoi'e Y and Z nra polytunnlalK in a witli intofrrtil no-ofllnienbi Tina 
identity la Imown lui Gnaai'fl Identity and mnnh liiwi boen written abunb 
It by different diatingalabod mathemattoianR Inoinding Onnan, liOgendiTi 
L J G. ]3. Kntlieira luul others. 

Hioro is another identity 

27X=/(U, Y, W) 

whore IT, V and W are mtiunnl ietegml polynomialn in e, Tliia identity 
boa boon given by Mr. Binontoin. Withnnt knowing Mr. !Kijioiitoin*H 
reanlt' I dlnoovered tbo anmo identity tn a different form 

The objoot of ibis ]mpor is to allow a gonei^l method witli the help 
of wbiob many othor formnloo of Rimllor typo onn be oaelly dlaoorered. 
The well known Godbh'h identity and tbo onbio identity ore only pmti* 
onlnr oasee of this gonoi'al tboorom. It la boliovod that many othor 
goneml formnlao of ti'anaformotlnn will bo obtoinod Inter on. 

This niotliod can bo naefnlly applied only tn tboae vnlnra of q for 
wbiob tbo oyolotomlo section baa l^on nompletely solved. 

> T did nob boow that tho mmo problem hnd boon worked out by Kr. Wiionalefn i 
it bae Jnt boon poftitod ont to mo by a roforoa nf Iinnikin iraUiomattes] Bedoiy 
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PAHDIT OUnU UPA1I1IYA^A 


Throngbonfc thiH pupoT* I liavo ailhoTwl to tho notaUon of Mr. \V 
Bnmaide sh given in tho Pi'ooooclingH of Llio Tjondoii MAbhoniAtionl 
Booioty, lOlD 

(B) Let X„ X,, X„ X, bo fclio period valnos of oyolotomin 

5-B8(rtion, [Imam thiitX„X.,...X, Itftvo tho wimo moanliiK iia given 

bj G B. MfltbowR in proving tho ftniiiui'fi hloiitity|, nml lot it Iw fiiipiKwod 
that aiv tlio iwid of tho porinil oqnnttoii 

(8) I have taken tho follnvnng iiototlonR fnnii ilio papoi' of Mr 
W Bamaido 

p ia an odd prime 
q in an odd prirao fnotor, and p— 

0) la an auigned primitivo p' ‘ root of unity. 
a 18 an rufiigned pnmitlvo root of tho oongmoni'o .1 (mod p). 
/3 10 an aiMigned pnmitlvo root of tho rongrnonro jS*'' > 1 (mod q) 

Each of thop—l pnmitiva p'* motaof unity ia inolndod jnat onm 
in the form 


I 

v (tsO, ,r»0, 1| M« t “ 1) 


Pnt 





I 


i^+*f 


W (|=0, 1 


7 - 1 ) 


JSfloh A ( conaiato of (ho anni of I dlatinot priniitivn p' * i-not^i of niiHy, 
and enob primitive p" root oonni-a jimt onoo in ono of tho A’,f. Wlion 

« IB wplarod by (.i“ .ooohA, romalnw nnnitnrod Wlion » in i-oplimnd 

by ea“, A’,« niid(n?go tho oyolloal pormntAtion 


(A Aj 

If J ia any root hornrrlng in At, tlioii 


=f-l , 

= S 


0=0 


In pertlniUr ,inm I I. eveh, it A., ronWn» -- It will al«, onntain »"■. 



A OBNHBAL TliEOkSU fOE fllfc EJiPUKUIlTATlOM 
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Wlieii » IB roplocml by /3t, the nudmgu Ihe panuatniion 

A, A.. A... . 

whotv the HuiUxoH ai'B rod acod (mod q) This loavon A niiohaiiged uid 
glvos B I’ognlai:' outsolai' peiniutnfcion of tho oLlier A\« 

If A I Bod Aj ai'o iwo dietiDOt A*b and if the ppodnot of A i luid Aj 
U formed without radnofclcm, , without taking aooount of the ivlation 

l + «+»* + ...+«'‘'=0. 

It will eonfliflt of tho pwdaotofi* primitive roota boowiM w' ooouin 
in All thou does not octmr hi Ay Bioroovoi' eiiice A/Ay ih qu- 

oltored wlion u u loplooed by <•* , tho prudnot win bo arranged ee tho 
mmi uf a nuuiboi of A’e, 

Henue 

k=il 

Af Ay”^5^0(yj A* 

whei*a C’f AL'o xoruou ur pocuUvo hitogoiVi eaoh that 

k^t 

S 0,y,=/. 

k^l 


Tho pixiduot 

h^t 

A|*=/+ S CmiA*, 
ft=l 

wlioro (igt^i tlio O'h ai*o aoi'ucB or pcMitivo iiiLogoiVi ami 

k=l 

S 0|y*=i-l 
bsL 

(4) In piu.’liouliH', tho BttuaiOi oubo, ola.i of A’o uau alwaya he 
rapraBoiited ui the buhi oC AV II followb tliorafoi-u that il Ih alanyH 
posiblo to I’opraBOiib tho nquai'Oi oubo, oto., of i;,, nud i}i.i 
as tho Biim of a nurahor of ijo, i;,,.. . and ij,_, TIiuii wo cmi f(nm 
q oqnalloiui which oaii bo always solvod uniquoly booanw Hioy are Imoar 
■Imultaneone oquablons in 





PANDIT OUDIl UPA.DIIYATA 


Tliei-efora X,, X,, , and X, o&ti nlimjrB be expi'oaeed in tbe fuim 
ll+Vi?4Wij"+ 

-ff 1161*6 n, y, W,.. H aiD iiolynouiials in s Trith nitoginl ooellloiontB 

What has just been established shows at ouue t-liai tlie fullu^riiig is 
always a possiblo opoiaboa i 

Xi = U-f-V^o+W^o* + "* + 

Z,=U+Vi;,+Wi|.»+ 

X,aD+Vi),+Wfl,"+ . 


X,=U+V^,,,+ • + 

XoTT it iu wuU known Uiat 

X:=X,X, X».. X, 

= (tr+Vqo + Wij(,’ + '*‘4Mqu'"')X 

(i:+v,,+w,,'+...+ii,,«-) X... 

, x(u+v,,..+w,,i.+ .w,;:!) 

.. . . rA) 

Ihu ayiumotriu fnnobuiia involved hi equation (A) oun always bo dotor* 
minod by lliu mofchod givun in any standai'd biMik on thoovy of oqnatJuiui 
OiilaalAbing Iho synuuoii'Io fuDubloiu in tho eqnation (A) and snlwli* 
tubing thorn in it wo And tho poqnlred formula, Now this gonoiiU 
hmiula will bo applied lu two partioolai' casts in ordor to illustrate 
tho lue of this znetbod. 

Whim geSf wu got 

X=X, X. = CU+Vi?,) (U+V,,) 

=u'+V'i?o?i+uy(T^b+^i) 
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Babstltating tbo valnoe uf >/i bTli from blio tliooiy of 

oyolotomlc bl’Seotion wo get the well known GiuiBB’e identity 

111 order to pravo tbo fclieorain wbon 7=3 lot as pat fov Xu X, 
and X| lliolr raluee oon'eapoading to oyclotomio porioda Let na 
aappofio tbab Vt rooba of tbe penud oqoatiuii 

-!•+’)• )=“ 

where p is a pidnio znimbor of the fonn 6 m+ 1. Thou lu a puljiioiuial 
of whioh the uoofHoiontfl aro aymmotrlo hmotiona of tlio roola of X=0, 
Ibo anm of whioh luakea np i}e=0. Similar etatemeiit holda good for 
X, and X, 

Let 08 aappoaa for a mouieiit that ift aabjeut to the 

aamo ooliditloua wluoh arc ti'ae for ifo and i^i in flndibg Lho tmnefurma* 
laon fomiala 

4X=y*-(-l)'^pZ' 

Thon it in ovidont that tho cooniclonte of X, nmy nlllxi loclooDd to llio 
form Uimilu'ly tbe coomolonte of X, and X, oau alao be 

mprosojiled 

Thoi’efui'o wo havo ideutloally 

X| = l7+Vi;m 

X,=tT+V7„ 

X.=U+V7„ 

wheiv n and V aro polyuoraiala lu jt with intognU cooIUoionba and tfg, 
i;, oud Tj, 01*0 tbo ivute of thu porlod oqaation 

1’“'+’'^^ )=0 

.•,X=X.X,X,=(U+Vi,„){U+V,,)(U + Vii,) 

=U‘ + Si(,u*v+ E-)oi!iUV' 

= (3U-V)»-pV"(0U-8rt'V-V) ... (1) 

Tiot na now Hnppono that tlio condition to whioh thu Inyoatigablon 
glyon aboTo la Kubjeot, line boon romovod and lot 3 bo a fruitoF of p— 1 1 
booaaae p 1 h a prime of tbo foim Ow+l this opombluii Is always puaalbla 
Lot It bo BUpiwBed thut ica^, • a prlmlUvo ptb i-oofc of unll^ and a 



^AJTDIT Ot^Dll UPADHYAVA 


4 A 

a primitive root of the ooogt'iieDoe =1 (mod p)r Then oooh of 
ti]e p — 1 pinnuliVB rooiv of iinity la involved only ouoe in the foiTO 

i""'* (*=0, 1. B, ir=0,l, ..,*-1) 

(a 


bb (-1 ( 4 -aa ^ ~ 

Pnb^i=S a (taO, 1 , 2 ) 

— • tt 

TlioD eaoh ocmaiate of the earn of t diefclnot pinniitivo pth. root of 
nmty and eaoh prlmitlva pUi root ooonie only onue It U very woll 
knowu that the prodoot of A'e can always be repioeented aa the sum uf 
A*B and hence in partloulfli' the square of A*a Honee It Is always 
possible to represent i}o* as the sum of and q, 

M;<,*=m+ 09 o + ^i+« 9 t ••• 

whaLO W| 0) &i and e are mtagora and sonio of thorn may bo Mntxw. 

Vroni the theory of oyelotomio tri^seobiun it U ovidont that tlie 
?oi ^1 Vt Are conneotod by the folbwing Kneai rolation 

By the help of the equations (D) and ( 0 ) it is always pussiblo lu 
inpioeeijt and q, m 101*1011 of qn*t ^0 <uid some integois. 

;.Xi oan bo ropraontod as TJ+Vi^o + W^o* wliwo U, V and W 
aic polynomials in 0 with integral ocelHoiente. 

Similarly 

X,=U+YT|,+Wq," 
and X,=IT+Y7 j+Wi7,’ 

..X=X,X,X. 

=CU+Yij„ + Wi,„')(TT+Vi,.+W,,-) + (U+V^,+Wi,,') 

=U-+TJ-V(,„+q,+ir.)+UMV(i^„-+i^,- + q/) 

+ TJ V* (qai; , + iJoif, ) + W C^o' q I ■ +^o Ni ■ 

+UVW(ijii?o" +i?oq,*+qo"^i +VoVt*+V\V%*) 



A OIHIRAL TnROIbH)! VOR THH BRUXBBSNTATION 
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Now QaJoolabing the ayAiiiidfcT^o oooinoiontA SVot S^o'i otn- 

and iubsbtntlng tlie valnefl In fclie eqnaMon janb obtntnod and BiTnpllfy> 
mg it we get 


a7X=:a7U‘ -97U»V+<18p+9)U«W- (Op-OMTV* 



)uVW+3 |^(p-l)* + apn'+ I DW 


+3(j»'+V)^‘ 

-3( )vwi 


Tf ih fcliifi aqnntinn W bobnmw mto, tlion thin fonnnia radnofie to 
fcbo ftimnla (1) obtninoJ above. U ia evident that the valno of IT eiui 
not be equal bo lero tor any prime and bonce we oan not obtain any 
formula by snppoeing D* to be oqnal to oeva Tt 1 r alao evident tliat 
whoneyer W is not xero, V aleo oan nob lie equal to mto. 

Now to oatabliah this bhoorem in tlie ooae when qszi lot ne pat 
for Xi,X,, Xg andX^ their valaen ooiTeaponding to oyolotomin perioda 
Lot na anppoeo that anil are the roota of the period eqna- 

tion of oyolotomio qnarti'fleotipn Then X, la a polynomial of whlob 
the oooniolentfi aro Rymmetrlo funotlona of the ronbi of XsO, the sum 
of whioh mnken np i7<,=0. Similar ^tatomonta hold for X,, Xg and X^. 

Tt In poraible, m in tho pi^vionn onao, to ro|iroRont qg* on the rmni 

Vot ^11 V* ^g 

.M;„"=«+nqg + in7,+rvo+dqg (D) 

and ••• (^) 

Tvhero mt W, a, n.\ h, b\ a, ff and ff, tf aro intogonh nomo of whioh may 
1)0 RerooB. 

From the theory of oyobtomio qnart{*tootlon It in ovidont that tho 
roota ^ 0 , q,i qg and qg nro oonnoobed by tho following llnor relation i — 

By tho help of tho eqnatloTW (D), (H) and (F) It 1b alwayn poanible 
to roprosent and q, in tormn of 7^o*» ?o*i Va wid eome integoni. 



PANDIT OUDH DPADFITATA 


' Zi Qftn be reppeaented oe U+V^jB+WTyo "+T‘^n"t where U, V, 
W and T ore polynomialA in ix with intrgnU ooefRoieots. 

Himilarlf 

X,=:U+V,,+W,?/+T,,“. 
X.=U+Vi;.+W»^.«+Ti?/, 
and X^ =U + Vi|,+W^,*+Tfl," 

.■.XeX,X,X,X* 

=rtU+VijQ+Wi;n*+Yi;o*)(U+Vi;,+Wij/ + Y'7/) 

(TJ+Vi;,+W^,“+Ti),“)(TJ+Vi;„+Wv,'+Yi;,“^ 
=U* + U-V5i7o+tI"WSiJn"+tr»Y5T)«- + IT-V'Si,„,;.+ 
U*W'5fln-fl.’+n»Y*5,„",/+TJ'VWSi?«i?,- + 

U*VYS^n’?i" + 

iT«wTSi»n"ij,"+uy*si7o^i‘7,+uy'wsi^bi;,^,»+ 

UY'YEVo1Ji1J," + 

UVW5i?«>?iN/+WY«S^„,,',,> + 

TTYW Y S^„i; , » +TJW» Si7o ' t?, •'?. ’ + 

IIW' YSija*!?. • +WY' ' 17/ + 

UY‘ 5ijo'i7, + Y* W5i7o17,i7,i7/ + 

V*Y5^o^iT?t^i' +V*'W*577 o'?i7i*i?.' + 

VWT>Ei7oT7i'7,'t7/ + 

VT" SiJrtiJi "i?i * + W“Y 



A. aiSlBAL fintO&Ul Tai AbB^UaiNTAllOlI 4tt- 

oalonlabng the sToimeb^o ooefflolents S^o, Si^e^u etc-, and 
■nbatitufalng the valaoe la'th» e^adbn jmt obUlned and by almplify- 
uig it we gob ' 

X=U*-U-V+(X-2fl>TJ»W+(8a-TSr-rl)U«T + 
gU*V" + (g* -«r+2i)U*W" + 

( 8 i + g ■ + Bf • - a^r- 3ga)TJ ■ Y • + 
(8r-g)U*VW+(g-fij>-r+4>>tr>VY + 
t 2 #— 2 « + gf-5#)U*'WY-f'UV» + 

(r" -a 5 p)IJW*+( 8 g»-r« - 8 »')TJY' + 

C4ji+gr— a«-^«)TrvwY+ 
(f-4»)irVlW+(B5r-*f+i)UV*T+ 

(Stf-yf)!! W*V+ (fir« -g'r-fiw)UVT» + 
(flgi+*r-f*)TTW*T+ 

(gr*-8g«a-w+‘4**)TrWT«+*V*-«V»Yr+’ ' 

(e-flg«)V*Y+g*V*W»+#(g''-»r+2i)V*T» + 

r 

( 8 ,r-g#)V* WT-«rVW« + («r-4#» )VW» Y + 

( 8 f*-gri)VVyT*+(w»- 2 (i»')YY* 

-**W«Y+i'gW*Y*-aVWy* +»«y* 

oi- 2fi8X=^U,V,W,Y) 

It elionld bo iKJted bora tliat the period equation ol oyolotomld' 
qaBrtl-Heotipu ^ supposed Ui be 

g*+V+W*+^+»=o j 

and all the syinmotrio fanotlons Involved in tbo qaartlo Identity given 
above have boon expressed In the terms ol the ooolBoiants of tbo p^od 
eqaatlon The oooiBoients of the period eqnatbn, however, can alwtys 
bo determined by tho formulae given by A Oayley, V B. lie. Beeque, 
Charlotte Angae Soott, W. Snrnside. , 

Putting g~ 6 , 0, 7, etOi, we oan obtain u many identitioe as we Ipce 
bat the oalonlatlDn of symmetiio fnnotfons involved becomes amnanage* 
able. , ' I * ‘ ■ r ■ 1 ’ 
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I bftTfl oalflttlirted the TtJuoa of U, V| ej>4 W tii' fclio 18 

31int»^aablold»Dti{7gtYBna1)ovs. Similarly thfi yolndfi IT, V ^ 
W foi' Qfcbor primes oon also bo OBloalatod 

Dulonlait<rttJbr (JUprimt 18. 

It 1 b well knowu that 1 < 

and 

We may auy of them Liot os take the fint. 

Then 

<e—«»)(.a— «•)(«— 

- flo+^i+'Ji = '“l (^) 

iJo''=?i+8^i+^ ••* (**) 

Solvljjg Uu aqaatioDB (1) oiid <&), wa obtain , , 

and = 

la thu UMO wo do not raquUn tho ralao 7 ,. 

7 =— #•+»•— * 

It we snhetltato Uuue Talnes hi the onlno idenUty we find tliat the 
JdenMtj u latUfled, i.- ^ ' 

Aa thli la an identity we may pat ^>=1. 

— . , ... I ,1 , 

s. ■- . . 

Tcpr-l, I ' r 

and Wi=:l ' ' ' ' ' ' 

Subetltatliig these valnea In tihe identity we get . , ^ I 

87 X 18=37 {1+1+B-4-7+U+1+1-4+1}, ■>(* 



A QINBSAIi TTQiORll£ '17LI ‘EXFUSaKTATlOH ^'61 

Oalouiitior roB the pbdib &1. 

+ + +i*‘ • +«• +4»**, 

^1 +eo^ • +«'* +®*'*+4l**+co** +«* • +il^* +«" + «*, 

Then (n— 

.■. »' ®— iIo«" + (flo +fii;x +ij.+ll>“ — (ttijo +8^1 + ^i)»’ 

+ (10+lhjo + 89i+7^fc)*?-^(ftjo+7n»+&7* + 2)»* 

, +(10 + 5904^1 +7l|,)4*w(Bij, + 8i;j+4t;^)4,i 
+ (&+^o4-$iJi+n.>*--»»D» + l=0 

?fl+i?i+ij. = -l ... (1) 

( ,, ^ na* = lO+^r7i+.8l?o+89i' ... (2) 

BolVInj; tha ^tiMlann (1) 'A (2) Vo olitaln 


Snlatiintliig tlioM valnos >Po geb 

2 j ^ j • + (^0 * -vjf, )*• +(t?o • — + (,;„■ —6,, _ a)«i 

+ C27o'— 2i;o“2)i,*+C7o*— tJi?o-S)«* + ('?o"“8'?o)j" 

( * « 

+ Ci 7 o*“?o)**“ 2 ^d*+ 2'=0 

Ucia- + 2, 

V= -2o'— *■ -^8 -frj* -B«> — -. 2 j., 

(Hid W=4 "+(*'+*®+Bj»* + b‘+(b<+»V " 

f 

Kovr patMng jibI, 

U'c 3 .«. 2 , I 

■ ya- 84 , 

wid . 




PAJiDIT QUl>|f UIASWTA I 
Snbstafeatong thwo tiIoor in the onhlp identdfey we get 


87^ 81 ;?r87 xi{-ri8+96 + 67a+n52Q^5B76-^14848 
-I1059a^8a8fl4-hS2?e8+18S880}. ' 

Here aim we Me that the identity u ea^leiled^ 

QoAsno loemiTT. 

I have oalonlated the valnu of IT| V| W and T for the pidmea 13 
and 17, wliloh fn* other primes also o^d bp oalenUtsd In e slmilnr way. 

I ' For UtM prm§ t8. 

The period eq^uation eyolotoniio qiiATtl>«ietl 9 n for the prime 18 In 

i?*+V+V-^*9+8'^P' > 

i; The Talne of qnarti*eeoritroal pt^od equation for oaoh prime tinder 
lOO hnn been glren by A, Oayley in the Prooeedlngs of I^ndon Mnthe< 
iditioal 8oolety. And for other priinee they can be oalonlatod by the 
ftKmnla given by Mlei Boott fn the Amerioan Journal of Hatheraatloe, 
VUI, 

The formnla fa as follows t~ 

-+{p(l-»)»-(I+in)M=0 

Bat In the qnortia identify given above we have snppoeed the period 
eqoation to be 

Henoe 

9=“{Kp-1)+J+«}i 

«)-(*+»)}. 

and »=— i(p(l— m)*— (i+«)*} 

It Is well Imown that' 


and 


I 
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Then (a— ii)'a— u*)(i8— M*)=:0 

«■ — 1?0-B * +ij,m— 1=0 
i7o+9i+^i +^,«=— 1 
^i+2t7,— iJo**0 
i?.. + 8^1 +87* +8—70" =0 
Solving the eqnationa (1), (S) (3) we obtain 


-S!) 



Here in thiH mm we do not require the valnee of ruid 
.»■— ^o**+Tt*“l=0 Iwoomee 
«---a9„t* + (8-!h,o-i,,*).t-3=0 
.\D'=aj.«+aji— «, 

V=-(aei»+fi,). 

w=o. 

and Y=— * 

If wo eahetitate thaae valnoB in the qnartio identity we And that it 
Ifl MtiaSed. 

Now if we pnt e=l, 

U=8, 

Y=-fi, 

W=0, 

and T=-l 

Snbsiitntlng these valaes in tiie ideDtit 7 we get 
13=^{81 + 185+O-4BO+4BO+O+08O+O+4M)+O-15OO+O 
+lOB+O+O+07B+O-171O+O+O+lB71H-O-im 
+0+1850+0+0+0+0+ 0O+O+O+O+O+B7} 


fw ikf pritM 17. 

The period equation of oyolotomio qoaa*ti« 80 Qtion foi* the priine 17 is 
® ^* + i^*— 8^* — ly+lsaO 

And + 

■^ic=ca" +«• + «»■* +b'", 

and =ea‘ ® +w* ' +»* +•“ . 
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Then 

•..a*— i;o*+l=0 

';o+’»L+?i+?» = -l ••• Cl) 

'?o'=T?i + fl*Ii+4 ■ (fl) 

i?a'=&'Io+i|i+8»I.+8i7', (3) 

floWinf? the eqoatione (1), (2) &nd (8) we obtiun 

Hare we dn not require the value of and 

<■*— ijo^* + (2+^i)e“— ^B'®+1=0 beoomoB 
i:*-i?o^"+-K®'?a+l— ’?o*)»““no'+l=0 

ru* 2jj*— 2^o*-* + (6^ft+l— 7o*)*“— 2i^„»+9*0. 

Tr=aB*+»«+2, 

w=o, 

' I 

r=-A» 

If we rahetltata klieno Tolnos in tlie quartio identity wo find that it 
u gahaAed. 

Now U we pub a=l 

cr=6, 

V=2, 

■W=0, 

ud T=-l. 

Subsdtqtduff thfse valuos in the identity we get 

17=*{6£6-B6O+O+2OOO-0OO+O-626O+O+8eK)+O+flO 

4.0-80+0+0-880+0+B70+0+0+10+0-104I 

+0+160+0+0+0+0—20+0+0+0+0+1}. 

The quartto identity may olpo bo looked upon os a gotiorhl foii^nla 
in quortio forme, beoanee with its help any number of prlmog of tlia 
form ^+1, wlioro n is a positive Integer, ’oan bo represented Ip 
qnartlo ftirm os has been shown above 

VoLXIV.Nol. 



" On thb CovajuaNt Ottk^bs on a aiNouiiAji f*-Kj *’ 

By. 

Bi S. iKfAUkAV^AAO, AI.So. 

(Jian^aion) 

AND 

M. Laksuuanmu&tui, M.A. 

I ( ytttatuffnm) 

§1 

If fsBa^*w»o r^prooenia ah olgebr&io onrvo of the w'* de^froo, Ifea 
Hattiaiif SleiMtiaa Aud Oayla^oH ai^ vcpi-fiMuted bj oovu'lanta of fclio 
hivmj And oix) tihei*^ore cAllod oovanant ntfrai Thei'e may, of oonne, 
be ot^ei' oarvoa >7bloh oro aIho roptoeoiite^l by oovnriAnta of tlio pHglDAl 

S qAotio bob In view of tbq mitaplio% of tlio volabbno 'wbloh 

aeep onryee becu' to the origlji^l , luid t)iQ dpt4Jl m 'wblob 
they hAve b^ ebodiedi wb eh^l tbrouglionb be dealing yyitb 
bliem yyhooerei' vro epeab . pf oovArianb onTres- Many 

boaublfal propartdeB of tbaeo onwoe bare boon eetabliebad* bat 
the oanbi'al pixiblem In regard to thorn la boTeyer the dotcainluabioii ' 
oC tbeiv Haokek''a nninbore 'rhia problein bne been oompletely 
wived and the Flnoker'a immbera of tho covudAnt onrvoe tobtUatod 
bi moat of 'tlia ataudai'd troatisou on tlio aubjeot,' fgfi' tbo paso whore 
the urlguial oniTe le uoit-aingnlor But when the glroii onrye la uot 
ngn-glpgnlai’ nu Atfaaiiipt aoeme to hayo boon jnado to oolonlabo 
HypItoiDaiioAlly all the obamoterletica of tlio throe ouryos nor, fa 
irlir|)ririllg, 111 view of the foot tiiat In uddibioii to the brdbr uf eaoli 
un^’yq wo have to dotormine dirootly lufo ohanioteFlefaloB of oaoh ourye 

^ I } , .1 .1 

S f ' 

I ‘ J^tf oainple BonthoB Iim omddorcK] tte ourve envolopocl tlio Uagoitf 
of U)o (Int polan of y (point of Btohiariiui) ni Uio doable polnU, fioo 
OHiBeuii AMD liiaDiHANH I Imom »»r la QtomiiTtM, 

9r, Tnoa b, 9 | Ofa. Ij IV. 

rj I 1 / 

' 7ido CR«tMh«2^hid«iMiiAi lUdOh, 1| Beotioo tV A)n SAiiKoir, Utgim Ploa* 
OKTNi , pp Ba8>8. 

■ Boo Jncyolojudlo dff UaA$mfitiiAen Wiu, | UT Q A No^ 880>4li ^ 
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■a bliB defloIeBcy ol any ona- of them and oa. other ohar'entorletio for 
eaeh directly Only «.n.e «»tte.nd rewrite eeem to hare boon obt^ed 
ui thiB irootion ■ Wo haro attempted tUie problem hme and bollevo 
Vi e liftTe been Hbla to boIto it suooeasfnUy 
Oomlng bMk to the case of Uie primitive durv^ It liM 

been pointed ont aboye that the problem ol the doterminabon of the 
PlnotamiiiohBHiotei'ietloB has been oompletely eolved. In fact ^ 
two dlelanot method, by meane of whloh thle bee been aobiored. 

We eliall briefly indioete them here. 

1" Sinnon'e neiuon , Aaenme that the Hurtw bee bi nonenU no 

donble point.' The order of the fl«l» being toown apnon thta 
eanunpbon enable, ne to oalonlato aU It. oberaeterlelde. u wdl a. Ita 
dedoionoy and thle In virtua of BJemann'e theorem, ali^ refemd to. 
enable the oalonlation of the oharooterletloe of the othor two 

onrvBfl knowing their order and olaae. 

B“, 0Ma«3ii-fl tiimiOD , Thle method le mdlroot end bee te lie 
baela the datermlnetinn of one oheiaotmletio of the flleioorian In 
addition to Ite ola»i and order, eii. the number of It. Inlloilonel 
tenEonta. In feet, what le ilone i« to take any point and Bnd out the 
taot-luTmdant ol ita dret polar and the | thle toot.|nvarliuit 

oqnated to kto would glra the point aqnatioii ol the fllelwerlim. The 
Same of thie taot-luyailent In temne ol tho ooelBnlento ol the •flr.t 
pclr would then he glyen by 8(«-S)(6»-ll) and ohenrvlng blmt 
STtBOt-InTailant aleo Inolndeo tho Inflemoiial tongonto ol tho BlxtmrtnH, 

the numb®' ^ 

a(*-aKB»-ll)- 8 (n- 8 )^:= 38 (w- 8 )(-W-IJ). 


Tho next atep ii to odoal»t« the donoieuoy of the Bteinerian, and th«» 
pau on lo the other two onme with tho ftld of Rolminn’B Hiooroni. 

We here Indlokte anothor entirely dHforont method of obtulaintf 
tl^epe iwulta ond this oonalHta in proving directly bhofc tho 
hw uo inflexiowd tavnawi®- Thie- eueblei w to oalouleto all the 


I In TlrtM ol Btooi«m'i fninoM thwem reUUvo to bbo Invirienoo ol the 
dDfldi«T of *” all imlriotowitiimiM tnuulwnaiUoBi, the Ihreo oorerient 

onme have tho aevie deBolenoy. 

■oo " OUbmih—Kidt^ifn " i Ibid | t. 6. i Ob. I (I) 

■ BcsSMlen fleliSofitaAda yreaee I- (1878), pp IW*0 
Tor the aolennlnatton of the olaa of tho BteJuniaa when the giwu oanre hai 
muht^le aed Uffher liaffolaritloe 

BeealBoIIiLTDVi P1 m« Alprtrale Oama i p. 100. 

“ Ai ro^nJa thle ammptkin ne tho romarka by OlebMh i litil t, li 
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uliiu«otonHti(U ul thiH ourvo as wall as its doHoisuo; We theu ptoH 
ou Ul lliu SMn«ri<M tuid Heman utiil also oaloulaUi hhoir Pluoker’i 
iinrabeLn 


S a 

We Brflfc prooeetl willi the uase whuro tlie m’lffiiiBl onrvu is 
iuia«Bing;iiUr 

Let 0, C,, U,, 0| (leiiuto raepoctivoly blie original uiirvO) Its 
llewaii, Btetwriun and tlayleyan CouRiiIng to Olobsoirs notsLIou wliloli 
we eliall use bbraugliout, let 

fi=oi'dsi' uf 0 
X=0ilUM ,, 

(Ibihi uf duiible ponils of 0 
t=uo uf (luablu tangeiiUt of O 
r= I, (maps uf 0 

10 = „ {iiflezlonol tniigenta of C 

pssdeAolanoy or geniis of 0 

Olid let the same letters mIIIi tbo sno8Qii|)ts U or B Oouoto the uuii'ee> 
lioodliig ahuiuiterlRtloii of the Hemicn, HienntrioH or CajfUytw respoo- 
Uv9l). 

We shall iiuw praoeed to prove that f 0 ,=U in foot, if r. had an 
loHexional laogont, then, at the oorree|H>iidiiig iuAoxion>polnt two of 
its taugeiits would be ooluoidoiit It i-eqnli'es blioi'efbre that oon'OB- 
pondlng tn this infloxloiial tangent two currosponding points of 0^ and 
0, would ooinoido or the cori'enpoiidiiig points would be double pointe 
It follows tlioroforo that to a double point uf 0, there uorresponds a 
donble point C, [/ Ibmrvjun irs com Hkua that double points of. 
talcu birth fivin blie foot that to two separatu iwliits of 0|, uuiTespouds 
n siuglo point uf 0, and iiivenioly that to a double point on C, ouri'es- 
poud two sepaitito pointfi cin C|, wo oan oonolude that to a double 
point of 0, oonnot oort*eepond a double ^loiiit of 0^ and benoo 0, has 
no inflcrzional tangents 

Kor Is it dilQciiU tu |iiv\o tbo aeBumptlon wo have luadu above 
Wo shall show that the pole uf (rvery IlL^nt polar with two double points 
iiinet be a node of 0«, tiuppnso that a limb polar onvve bos two donblo 
pointa A, and A, (Fig. 1) whlob mnet neoo68ai*lly llo on C, llomenio 
bei'ing that the polai' line of a double point of blie llrst polar toudhee 
0, at a ])ointof wbloli lb is tbo Amt polai, wo dodnco tliat bbu polar 
line nf A, Is a lino L^ tonobiug C, at a point P,. Similarly the pulitr 


A,. 

A. 



Pig. 1 
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line of A, u a lino L, fcaaoliiug 0, at the Name point F,, fur, obliui^wiae, 
one Mid tlie Bume outyo will liare to be iho flint poliu' of b>>o diatinut 
pointa. Heiioe the donble [lomts A| and A, give a nodo on 0, >vit]i Tj| 
and L| an uodei taJigeuU , L, and Ti, u'o ueoueaailly diatinut liueu fm, 
Ai aud A, muat be a piur of poles of a line tonubing 0, at two 
poiuta. 

Oonvereely the Arab polare of any two poiiita, except P|, on li, 
tuaoli at A } aud ainnlarly those of any two poiuU on L, muat toaoh 
at another point Ag Also, the flrat polar of P|t oonsidered aa a iioiut 
on L|, haa a doable point at A| while the aame flivt polai* when P^ 
IB conaidei'ed a point on Lg liaa a doublo point at A, Hence the lint 
pilai' of a node P, on Cg baa two donble jiolnle A, and A, lying on 
0| Henoo to a double point on Og oorrospond two diatinut pointe on 
0i and nee uena\ and this im the theoiem which wo act out to 
oatahliah. 

Wo oau write tliei'afora 

hot H,=3(tt-2)(6B-ll) 
and B) 

Knowing thiee of the aharootenatlos of Og it la now uuy to dodiiuu 
all the othen. Wa havei in faQi, 

d, = ”<H-2)C5«-13)(6»"-lPfl + 10) 
r,:=l8<«-a)tW»-5) 

ahd we also have 

J>.= ^C8»-7)(8«-8) 

Prooeedlng next to the oom Og wo havui in virtue of Uiomanii'a 
theuTBU already referred to , 

Ft =Pi = ^(8«-7K8»— 8) 

and a' prion 2)* 

fr.=S(n-l)(«-a) 
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and those throe oqnatlonB ennblo oa to detomiiao nil the other uhamc* 
teinHtiGfl of 0,. Wo havonnbnnlly, with the aid of Plnoker’n oqiuvtmnH . 

(?,= ® t«_2)(H-S;C3w»-0M-fi) 

r,=12(fl-2 (tt-a) 

/.= ^(«_E)(H-a (rtwt-SH-Sj 

and w, =8 (m— 0) 

Similarly for tho oniTe 0, wo have 

=r, =:p, = ^ (flu— 7){a»-8) 

and nlun «i=53(ft— 2) 

ftn that it only roinaine to dotorniino ono otlior rhamotprietio of C, , 
hntwehnNfl 

and pnbfcing tiia3(«i— 2) 

lf,,-l)(«,-2)=i(S«-7)(S»-R) 

Ro that wo dednco 

1 n , W| =0 { Tj =0 

It Is now oosy to dotormino nil tho nfhov nharnotopIntfoA of 0, Wo 
have, ill foot, 

w,=0(n— fl)(8»--8) 

TIioro roRtiltn may now bo talmlntod (Soo Tnhln 1). 


Tamx I 


no 
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§3 

[jet iiH nnw (lonAidev the onse wtiere tlie ongintl curve Ia unb tioii' 
HingnUr Ifnfc hiu only <7 donlile pnlnte nnd r miHpA, there hemg no obhm 
higher Atngnlnribiefl 

We have noon indircotly In §2 that when the nnginal ooi've ie 
iion*BingQliM' the oorro 0| hue in genoml («^, if wo exolnde iqieoial 
I'elAtlone between the ooefHolentM of the onginnl oniwe) no doable pointn 
A (liroob prqof of this dooa not as yot Neera tn have beau eatiblUhed ^ 
Tb may, however, happen that a paitioalar relation among the oooiH- 
niente of the pHmiblve onrve may bu diflei'ont from that obtained h) 
oxpi'eaging the oondlfcion for a donhlo point bo that 0, may haven 
doable point wiblioab the piimitiva onrve poeReesing any. Thno, for 
examplo, cnnsldonng the u^iV 

(b,, fl,*, d,* being bluni 7 qnaiifcioe ill .p,) it In easy to show thnt 
the flwt polar of a point P(l,0,O) will have a node at Q(0,0,l) if 
/igSsOi rrt=<i|s0 and fui'ther thatthoonrvo dom not pnn throngh P, 
Thae the curve 0 , aboald pou thcongli Qand it can bo Bhown farther 
that Q is a node on 0 1 provided mine it appears that the 

Rmiau of a carve hae a dnnble point nt (0, 0, 1) withont that point 
lying on the coi've at all * 

As abated above, this is dae to the foot that the partloalai' relation 
de=di=0 is different from the condition neoeoury for the potfieesing 
of dnnble pointe. 

* ^ y f ' 

'We nhall, however, aasumo that the Hmum 1ira, in general, no 
donble points when tho original onrve Ib noiVHingalar 

Now, a doablo point on tho onginal onrve tranitfornia into a donblo 
point on 0| and a onep into a triple point, llbrooror, sinoa the triple 
point hna two dlntinob liranahoa only and the other tonohing one of 
thoHe bmnohoB, tho triple point In eqnivalont to tw* noden and me onap. 
Thna, 

il nndon on 0 are d nodes on C ^ 
r oitnpn „ „ 2r noden and 

r onspH on 0,. 


> flee " Ohibj«A«Ziin(i0Biafin i" t. B. ReoUon lY 
• Vnr annLhnr naoh example bbc ” 0/eluBh Ttimltmanv “ Thld 
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QH 

TbBi'eforo, whon tlio niif^iinl {tnrvr ih nnt non*frin{rnl(U'i wo oan 
wiito 

iJ»=rf+ar 

/■»=!* 

Further >i,=S(m— 2) 

MO l-hat we oan pnioaod wlHi fcho doterminntlon of the ohanutorfeticw of 
0| oomplfftol^, 

"We haro, in fact, 

^,=3(«-a)(»-7j-2d-7r 

io^e=9(ii— a)(a»— 8)— fw— aor 

av«-a)(aM-8) 


-2rf<8H«-27«+4a)-8f(7«>-fi8M + 101)+(2rf+7/)' 

W^e mn aim cAlonlala the deflolenaj of 0^ u 

p, =^(8«-7)f8B-8)-rf-8r 

Fi^oeeding next to the onryo 0,, we have, in vlHine of Riomonn'e 
Thenrom 


p, =p, =:-J-(8n— 7)(8i»-8)-fI-3r 


Tnrfclinr, 


»i,ss8(a-9)» 


V) that It only roioainn to detomino one other Pln.oker'B nnmber of 
n, when the pi'lnnUvo Is nob noA'ningnlar, But it In a well-known 
reenlb* that the olnw of the 5/eiMer^n ie In'bhlR cMe equal to 


' Rm miln I Ibtd p Kie. 



ON YHM COVAhlA^if Lbkvtu UV A NiNdUliAk »W0 (Ij) 

Tlio otlioi' Pluokor'n ohmuotoi'istioH nou fulL)W NVu umi wlhIu 

,i, = ^(M-2)(H-aKai»*-fi»-6) + J + 3r 

r,=ia(«-a)(tt-a)-2r 

«,=8rtt-9)(4»-B)-Grf-Ur 

|rH-a)(n-HK8H--8u-8) 

-2(Z(aM*-9tt+7)-r(ian’-.Sfln+2«) + fl + 

Iti )io>r L'miuuna to oalonlAto ttie Plnokor'a iintubei'M nf tlio Caylcjfan, 
Tlio bTaflable data oru 

= g rSx— 7)(att— B;— rl— rtr 


Bu tliat, oa In Uia qom of it la MnUloienL bo kiion^ imy ofclior uhiuviu* 
torlaMo of 0^ by dii'oob moblioda 

A. motliod Iminadlakoly Hn^^taiteulf by ouiieldeiiiig Lbo lu^meiiU 
by meana of wbioli wo dodnoed iii $2 tbat i 0 |tsO, wbon tbo piimibivo 
(a Don-alngalBr. Tti (nob, that proof ilopemlod on ahowinff bhnb to a 
double point on o, does nob nlao oorreapond a donble point on 0, but 
a pair of dlsblnab on 0, Now even when bbo urlglnal uum la 
not uoD'alDgubu' thla u^omenb need nut in any way ))0 modilloil mid 
we oon therefore wi^te in thia ooao ton 

fOgtsO 

and the utbor ulnuiiubaviabKw of Og luv now uually dotumiliiud. Wu 
find on autuol oalualatloii that 

JgC=^w-B)(fi»- 18 VD»’-lBn+ 10 )-lW-Or 

r, = 18 (»-fl)tBfi-fi)-aif- 0 #' 

+ (A8+D0' 

where A and B oro obtained by nii ooay aimpllBoAtlon 

flerewltli ia appended a tobnlated list of tboao Pluokor'a iiambeie 
(See arable n). 
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BqTJITBNAB TJIANBPOUMATIONB AJIOTJT A fIXBD POIMT 
I'AE^lt Afi OM&TN. i 

Bt 

C S. Cuuis. 

[Siuunuyt Hfiaftonto kntMform&donR In ordinary 8 xnj ipaoo fi|. (whkih 
~ ioolnde r^taiont, tttaUaaa niid /rMrisitona) aro first definod, end are tHvldDd Ibto 
T^id IramtforwiaaotM aad faoMdc-rtstd treitaformaltnt,^^ Hgld tnnsforroablon bolag 
an eqnltdOM hrtnatonnaUon whioU oan bo tognnlfld ni n rosnltaat of InBnltedraal 
eqaltonse tmnafonnsUoQa Tbbaa ^hiob ta^o pUu» about a Axod Quito cvlgln 0 
(dlTtdad loto i'ctallm and ji«udo^af^a« abont 0) aro then dlaooaod in greator 
datail, In ottmooM^ with tho comploto {aterpnbatioai of rqtotdoni and pa^do 
lotatlona abont 0 wliojw sqoatkma an kiwwn, ipeolal nttontloo may bo dlnoti^ to 
tfao tbocssma of ArtAd nod 0, lo wUoh bhoio interptobUlona aro giron |n fomi 
ohanStarlaMl by porfoofi' aymmotry apd ftoodorti frbm ambfgnJty. Tbo pOper 
oonolndoa by aaplalnlng how paomlivrlgtd tranifi.*Hnatlona In A| <»n bo rouardod aa 
ri|ld kmimformaUooa In Q|,— a rafloxtoo about ft plnno In 0^ boinjj aqalral^t to a 
TotafetoD aboot that plouo throngh two right anglos tn Ai ] 

1. Bqnltenae traneformatitwa ; rigid and pseudo-r^gld trani- 
fbrmatlonB. 

' Wo tako 0 hj be 0 fixed origin aooeaaiUo to oji observor flltimtod in 
onlluarj 8 -way upooe Ot=Oi (of iwilc 4 ) i and (OX, OT, OZ) to bo a 
nghi-haruled sob of i-eotangnloo axon dwwn from 0 In O, All polnta and 
all tnuiEfonnationa will bo rnipponod to bo nwZ i and it \Tin bo loft to l)he 
Toader to gatbor when tboaO 'i*oatrlofew>i»B ai-o anneoeobary* ‘ ' ' ' • 

" Wo may rogoi-d (OX, OY, OZ) m a matliomatlool abolraotlon 
dfinvod from a man atajidlng upright with ontabrotdiod arma and 
^ Idolclngfoi^wardi, O being tbo boRO of tbo bond, OX being the right 
orm,' OT boing drawn ha^aontfOly intbo dliucbiiln of -viaiion, abdiOZ 
bolng dra^vn vei-tloally upwatdH fcbrough the head, The rotation abont 

OZ whidi cftfrloH OX to OY^fchronghapoiriHTOidgbbingleiBrigbt- 
‘handodiaudOZ ifltlioi^lght-bondoaaiiit of that rotation; If OX' 1b 
the loft arm. then (OX', OY, OZ) oro b wt nf left-iiwided roobongnlar 
azea, the' rotation tlbont whloh cnirloa OX' tn OY thi-ongh a 
poBifiTe h^ght anglo lo laft-handdd | Bnrl OZ w tbo left*buidod wdauf 
thatyota^on. ,To make the ropnlta of fchU paper appHo^ljlo wh^ (OX, 
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OYj OZ) are a left-banded set of reotangnlAT axes, tbe terms ' right- 
banded ’ and ' left-handed* mnat be intenhanged 'whenerer they ooonr. 

A prqfeoh’ve fntM^fonnaHem m O Is a traiuforniatiim which oonreria 
the poinla of (3 into the pointe of an ordinary S-way space O' ooinoidont 
with 0 in snob a way m to eetablisb a ODe<H)ne correspondenco between : 

all finite points of O and all finite points of O' 
all Infinite points of O all infinite pomtn of O' , 


gy^L’y finite point of O being oonverted into tho ooiresponding finite 
point of O'l and every point in the plane at infinity of O being converted 
into the ooneepondlng pomt m the plane at lufioity of O' If tho point 
P whoso oo«ardinates with rsferenoe to the axes 0X| 07, OZ are r, y, i 
IS oonvorted into the point whose oo-ordinatoe with leforenoe to the 
same axes era Sj, the general equation of snob a trandloniiation 

(as applied to finite pointa) out be expressed in the form 



where 



e 



(oqnivalmt to 

V 

sJl-' 



f 


•i 




_ 


h /, p" 

*», w, w, g 
«j «, n, r 
0 0 0 1 


(i) 


... («) 


is on nndegen^rate •qoai'e maisix whose elements oro all finite, 

An egtt^/vHes fra9^fortnaf»‘9N tii O is a jirojeotive transformation in 0 
wbioh leaves the (poaltivo or nndireoted) distance betwein eveiy two 
finite points of O nnohanged. It neoessarily leairee the angles between 
any two straight lines or any two planes of 0 nnohauged. If we pnt 
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the trknsformaUon (1) will be eqoitenso if end only if the equation 



SqUltlHU TJUMtfirOJLMATlOIfB 
j* n identity in 'ft y, t, x't y*! »' when 




1 

*■0 

1 

Vi-Vi 

=4 




I 

1 

> 


1 ^. if and only if 

^^=1=:^'. or 


6t 


(4) 


Aooordlngly (1) will be the genei'ol equation of nn oqaitonio truBfor* 
matlon (rappoeod to bo incd) when and only when ^ is a real square 
8eini«anlt mabriz. We then hATe 

det 

and the equltense tisnaformatloD will be called 
A rigid iratitformaiion when dot 

tk paaudo-rigid tran^OTMoUoH when dob 


It oau bo applied only to thoao pointo of 0 whiob form a oonflgnra' 
tion Sf It then oonroits Ihopoiiiteof S into the points of another 
QODflgaration Sj lying lu 0. 

Oleerly all eqtubonaa tronafonnatlouB oonatitate a giMup which 
is a eub'gronp of the ginup of projeotlve tranaformatioiia j and all rigid 
bmnslonbatioiiB oonatitate a group which is a sub-group of Q*. 

The equitonao bronafarniatloQ (1) will bo called ; 

(1) the ideHl^oal traiuformatio» (which loaycs all poluta of 0 un* 
ohanged) when M is tho nult matnz of order 4 1 

(8) au iraw{fonnaiM>H (whloh glres only an infinitesimal 

displaoemont to urei^ point of O) when we can pnt 


1+X„ 


i|I 



fHa, 

»» 1 

»• » 

1 + V., 

0 , 

0 . 

0 



whel^ all the lebten deiioto InflniteslxDal scalar nnmbeni m. when the 
dlfferenoo between M and the unit matrix of order 4 is en Inflnltetlmal 
matrix) 



68 


C. k. OULLlk 


(8) ft trandtUioH (-whioh am bo intarpreted to bo a rotation tbrottgL 
ft Mro Bogli) aboat a ab’ftlgbt ai iuQoity) when wq onu pat 

-10 0 

0 1 0 ff 

M= 

0 0 1 r 

0 0 0 1 

u that the matHi eqaatlon (1) » aqaiTolent to tho thi-eo BoiUim waa- 
fclona 

»i=ji+p, g^,=y+(;, *,i=j+r 
In nil aaoh oaBOM it is a rigid trankformation 

It ’mil be Hhowii (sea Ark 4) that nvery rotation about 0 Is 4 
rotation about a sti-aight b«« through 0, and therefore (sao Ar-t S) a 
resultant of lufiiutoslraal ttitatioiis Moreover every tiuualntlon la 
olearly expressible ad n resultant of iDfluitwlmal traiiblatione Henoo 
from Sm fo below we aun couolade tbal 

'A ri^ tram/oifm^ioH is ow gquiie»m iratttfomaiioH tthtch it a^ipm- 
slws os a n8UU^$ df infi/iitenmal eqmt6»io f^mn^orvuiimt. 

oqultouM tiansforiuBtfou will bo called onoi' ^ 

a A. wbeu it Wvoh the jip^ou.pP A unaTt^d,.' " 

aiout 0 vimiifhl Urn C«f nris) h wbou it loavw Lbo posi(doii of every 
point of fj analtored; 

nbo^ a ylMep when it Joaros the poedion of every point of p 
unalterad 

- AJl OqtilteuBO trausformatnoor^ -about a given finite point (or straight 
lino or plana) oloarly oonstltote-a^gronp^ 

**. <. II ao oqittaw traaironosJaoQ Is D Usvn tho podUotii of two dlffMont 
fliUto pofaiti A nnd B eniUt^Jkowaarily Jpavoathe position ol ovarr pdat of 
tfaa strslKht llifo AB uusltorad, tod lean oqiilteiuo trsnitoRDsttan about AB. If It 

IssTH tho positions of thred nen.oolltneas Anlte points A, D, 0 nosltond, It naees. 
jsrily loavw unftltonAl tha voiltloa of ovory point In Uio plsno ADO, and Is tn 
oqnltooM tiMiformsiloii sbddt that \i\mio If It loavta the positions of thne 
non^lftw finite polnta.A,B,q,Dai«(tah)d, It DMMMsrny losw miftltorod tbs 
podtlon of omry point of a nnobsDgsd,Mc'l Is tha Idontlosl trnnirormatkm, 

Jf It lonvni pnaltorod tbo polnlk vhoso ooMM^liutos sn> (is,r, a), (o', y', 

Cm", v^i oIb lesrsf nosltawd the point whcM oo-ordlnstoi aro j 

(xs +>!•'+»!", Ay+^Sf' + F|r",A«+jB»' + w*), when X+#i + F-l. ' 
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A glroB cqnlleuM tiMufonniUen (1) «ii\votti 0 Into Iho point O' 
ython 00 ordlnntoo with rofraotioo to (OX, OY, OZ) nro }», tj, f j nnd It ctniTorti OX, 
OT, OZ Into the matullj^ footoDgnlnr asm O'X', O'T', CYZ' whou dlrMUoa*oOtlnoi 
with rafomico to (OX, OT, OZ) axo (I,, *i)> (*», *ii ■■)! *□ •■) wipoByrtly 

Tha roetaoealor nun (O'X', O'X', ^Z') tam n right<hnndad or laTt-buidod aot 
MCKvdlDff Ai u dot ^-1 or iUtf«<-tiOB<l ihaj oan oloorlj he enjeotofiootiangtilnr 
biM dnwn from n finite pidhfe in 0. 

Blnoe P| In (Oeenbenoj flnlto pobt of Q, end LIm oo^ordlnetao ol P, with 
refcEvnoo to (O'X', O'T', O'X') mint bo tho wmo u thoM of F with rofemm to 
(OX, OY, OZX we lee by writing 

(a, p, 0 to (*|, Vi, Bi) nnd (o', V, **) to (*, Vi ■) 


hi (]) that If any finite point F of ft bee oo^otdinetee (e, y, e) with nrforonoo to 
(OX, OT, OZ), then Uia ob-ordlnotoe (•*,✓, «0 of tho tamo point with pofofonoo tb 
(OX'i O'T', O'T/) am glmn by the oqutlon 
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_l _ 


whkfii repreioqia e lpa»ni/&pma/w» ndattfular ohonlinatti, 'fb* two leia of 
moUngnler e«ei‘(OX, OY, OZ) and (O'X’, O'T', O'T.') are llko-handiid wton and only 
whan dot 


fib. iii. VyahiaN 

Iq qrdv that tbo oquIlanaolruaCunueUan (1), may bo one about tbo pri^ O, 
it If necaaaery and inffiolimt tfaebp-f-r-O. Tbo gonoral oqntioei of an ^nlt 
faun tranilomaUoo about tho orlgla 0, ehodt a ilnito point wboae oO'ordlnaUa with 
rafanmoo to (OX, OT, OZ) erb a, b, 0 enn ho expmaiod in the raapooblre family 



wbero in efieh oquellon tbo profaoUiv on tho right ii a roal niaaro mml'milb inatrii 


Ai it, Tha Diatrli U hi an eqbttenBi intnifarmathn (1) oaA bo oaproMod ae 
a pndnot In tha forma 


"1 0 0 p“ 


i, J, 0 

0 1 0 g 


m, a»a »*■ ^ 

0 0 1 f 


w, fl| 0 

0 0 0 1 


0 0 0 1_ 


0 

• 

a.** 

I_ 


“loop" 

ai. •»* 0 


0 1 0 Q 

», a, a, 0 


0 0 1 b' 

0 0 0 1 


0 0 0 1 
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f fi », n^‘~ 
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where 

Q 
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I ^ “• «i 
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_l, M, 
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Thni Uf eqnltoniQ inuitfanDftUcB otn b« ngarded ■■ tlio rwoltant ot an 
aqnltanae inniformtUon T aboofe 0 folloirod b; a bianaliMan, and alio oa Aa 
moltanb of a tetaalaUon followod by fcha Kne oqqlhniM bmniformaUon T about Ob 

2. Bqoitajue bodlei or oo&figniatloiu ; oonffraont and pMado- 
oonginent bodlei, 

Two fliilto bodiea A aod B aibnatod in O will bo MJd to be e^nitonao 
nith one anobbor when there oxiate a one one oorrospondonee between 
their poiote of sooh a ohai’aotei* tbat the (po8iti\e or nudireotod) 
digt ft poe between any two points of A is oqnal to the between 

the two corresponding points of B Tho following general I’emarka oon* 
oeming two suoh bodies oan be established those properfciee of 
eqnitense ttansfonnatlDns which are proved in this papei 

If A and B an S*dtme>isioMal bodios, and are eqniteiiso with one 
ttooUieri fcheie exists in genei'al one and only one oqnltenso knnsforina* 
tdon T In O which. ooirvai'tB A into B Aooordlng as T Is a rigid or 
twndo-rigid throdfarmotlon, A and B willboHaidtobe eongmoul or 
pawdo-cmyrewf wltli nnothar in O (^teniatlyoly to be lih or UHltko In 
handeduess). 

If A and B owigrewii with ono anotbori we can (Id many w^ys) 
oOnatrnot a Series o( mutnally oangraant bodies A, Oi, 0,, B suoh 
that the distance between evaiy pair of oorreepondlog points of any 
two oonseontivo bodies of the seiles u luftniteeunal j sud eaoh of these 
bodies oan be converted into die next by an InflnltQBlinBJ eqaitouse 
traniformatioD. Thus the eqaitenso transformation converting A into 
B oan be rogainled as the rssnltant of a uiunhar of sucoeBUTO 
inflnltoninial equltense tnuisfoniiotiionB, or A oan be converted into B 
by a oondnuons displaoement in which it moves as a rigid body. 

If A and B are jpMrtfio-acnignte»/ with one anothor, the eqaltenso 
transionnation oonvarting A into B cannot be regarded as the r^ultanb 
of iDflnitesinml equitonsa transformatioDBj lor such a i-osnltant would 
iieoeaflBa.lly bo a rigid transfarmation Bach of two suoh bodies may 
be dolled an image of the other in a If 0 is any other body in O 
which is aquitenae with A, then 0 is oongment with one of the bodies 
A and B. being oonvertible into tlmt body hy a rigid transformation j 
nnd it IS psondo-oongnianl with the other body, being oonverdblo into 
that other liody by a pseodo-rigld ta^nsformation. 
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In partioiilar oosei aa frhen A &&d B an (nro apherea or fcwo regalor 
polyhedn, aod an eqalfcaane >rifch one another, there exlit both ngid 
and psoudo-ngid tranafonoatloiie ocmTOitiiig A Into B but the oorrefr- 
pondenoea betireen the pointe of A aod B will be diflureot m different 
treniformationB When the oorreepondenoo haa been flied, thero ia 
only one trahaformatiou aa ui the general oaae 

The above remaika (nee Art. 7 ) are applicable only to S-dunen* 
alonal bodlea in 0 . If A and B uv two S-dlnioneional (or l-dlmenalonal) 
bodice in O which ore equlteuac with ouo anotlier, tlioi’e exist many 
eqidbenso tranaformatuma m O (both rigid and paeudi><ngld) oonTsrting 
A Into B, and we oau always I't^ard A and B aa being uongment to onb 
another in □. 


3. Sgnlteufla trAnaformatlonB about the orlglu; rotatlouB and 
pNudo-r^tlonfl j perTerriona. 


"Jx h 




vi, aifl aad^~^=^'= 

h 

m, 


• 

1 

_h 

i»i 



( 1 ) 


bo PQBpootiyely a given roal nqaaro aomi'iinU matrix of order 3 and itn 
inverse (or oonjugBto)i wlurb is alao a inal aqnarB Homi'nnit matrix 
Also in matrix oquatlona let 



Then if (OX, OY, OZ) le a given eeb o( right-haniM reotangnlttr 
axea drawn from 0 , and if ilioao are need oa axoe of oonnidinatee, the 
genoral aquation of an aqHitenm (fONe/uifRO/ntN ahoul 0 in O is 


P, (eqalvaleiit to P=^"* -P) (A) 


where r, y, s arc the oo-ordlnntoe of any finite point P with loferonoa to 
(OX, or, OZ), and r» nro tho co-ordinataa with roloronoe to tho 

same axes of tho point P, in which P ia oonvarted by tho tranaforma- 
tion Jf dBt^=l, tho eq^nation (A) popi’osenii a rigid tranafonnafclon 
about 0 , which will be called a roiaiion about 0 , if det ^=— 1 , it 
reproeenta a psendo*rigid trAnaformation about 0 , whldh "will bh oeled 
a pa^udo-roiaHon about O. 
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The feiwiaforiiiAtion oonvdrts the rootangnlw ues OX, OT^ OZ into 
Iho reotangnlar axaa OX', OT' OH' irlioee direotion ooelnei with rofor* 
not tp (OX, OY, OZ) are reapecbiyely 

C^ii *11 *i)i *ti **i)i (^11 *11 w,) , ,,, (3) 

and the aot of axes (OX', OY', OZ') u nght-handod or left-handed 
aooordiug as the transformatioD ib a rotation or a paendo-rotatlon 
Since OX', OY', OZ^ oon be any aetof I'cctangnlar axes drawn from 0, 
and tholr dirootion-oasines with reforenoe to (OX, (TY, OZ) are known 
when they are known, we nee that there is one onl^ one oqnitenaa 
tranaformaUon ahonb 0 whioh oonrerts the axes OX, OY, OZ Into 
another set of rectangular axes drawn from 0. 

By writing (rf, y.i) for (ff„g„ei) and (*', y', ■') for (j, y, j) in 
(A) we sea as lo Bx ii of Art. 1 that the e^no^ion of a trau^nr^ 

ro-onf/fio/r* from the axes (OX, OY, Oi?) to the 
axes (OX', OY', OZ') le 

P'=^“'> P, (eqnivalenfc to P=^.P') (B) 

where «, y, i oro the co-ordlnntea of any point P with raforenoo to (OX, 
OY, OZ), and y, s' oro the oo-nrdinatee of the same point P with 
referanoa tp (OX', OY', OZ'). The two sots of reobuigpJai* axoe 01*6 
hke-handed when and only when det ^=1. ^ 

X7ow let OX', OY', OZ' be any second set of reotaDgnlaz axes dn^'v^ 
from O in O, not neoestarily those mentioned above , let the equation 
of a troQilbrmatlon of reotnngohu* oD^irdinates from (OX, OY, OZ) to 
(OX', OY', OZ') be 

P's*!"' P (equirelent to P=i*. P'), (4) 

. where m and aro real eqaare semi-unit matnoes ( and lot the points 
iP, Pj in (A) have co-ordinates , 

('i y» •)» (■'■ii Vu * 1 ) referenoe to (OX, OY, OZ) , 

y'l ( fiiVif **0 refoponoe to (OX', OY', OZ*). 

Then the equation (4) nnd the carreaponding equation 

P, (equivalent to P,=H F,') (fi) 

show that when OX', OT, OZ' are taken as axes of co-ordinates, tho 
eqnataon of the equtenso transfermatian (A) Is 

Pi'=*i"*0* P^ (oqniTalaiit to P'c=4*“>^->u, P,'), 



HqUlTUMBS TkllttM^iUtAnoKB 

Kill bejnorq oanTonifliit to express this resxilt in another £onn. ^ 
pqosbUon o{ a glron equi^nse transform dtion sboat O Is 

P/=i^ P'CeqnlTolenfctoFsf-^.P), ... (O') 

when OX', OT', OS' are tarn of eo^ordinatei then the eqoatlon of the 
same e^t9iiso ttansforiDMion is 

P, (oqmTalenk to P=ea^"'. P^), ,., (0) 

whet) OX, OT, OZ are axes of oo-ordlnabos, 

The oqnitenpe tranAfoimatlon (A) lu whidi 



^1, 0 , 0 


0000, 0, Bln0~^ 


0080 , — B1D0, 0 


0, OQ00, ~ain0 


0 

0 

» 

ain0, 0000 , 0 


0, sin0, 0080 


— siD0, 0, OOS0 


_ 0, 0 , 


are rif/hi-luMdod rotatioHB thftMgk ika augU B ahout Uko (righi-liwdt^ 
ethordiinUe ai<u OX, OT, OZ B^pknogf 0 l>^ wo ohtein the 
oorrospundlng left>hauded ratatiane throngh the anglo 0 about Uio ssnip 
axes 11 +0, 4-0, + a rlght-luuided rotation through the anglo 

0 about OZ is the rosnltant of suooossivo right-handed rotations through 
theauglo8 0,, 0|i 0|, <<• about OZ. Oonsoqneuilj a rotation- about 
any uns can always bo oxprossod as iho reeultout of snooosalTe infinite- 
■Itnal rutatlona about that axis, 

The simplest eqnlteoso traodortnations about O 01*0 the eight 
perversionBy the bL’ansformatioiiB (A) in which 




± 1 , 0 , 

0 . ± 1 . 

0 , a . 


0 

0 




Thoy oloarly form a oompleto gronp. The perrorsiou in whioh the 
qgnp ef tba ^PU9QesalTu diagonal olanioDte of ^ star blug from the top 
are p 

+ ■ + + 

\» \A\q tdmlioaHranrformaHnn, Tho poryomions In which! those signs 




4* 


+ t 


+ + 
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Ke raspeotiyelj r^Jioiu abmU the ochor^nate ploMot .ti=0, y^O, «=0, 
bheaa being p8aud(hrotafciouB. The parvereioiu in irbloh those signs 

ere 

+ — — , — + + 

are respeotiTel^ returns ohoH^ /As fthordtHoie axtt OX, OY, OZ, end 
are also rotaJnons (ngbi-banded or leffc-handed) through two right 
angles ahont those axes. The petrorsbn In whioh those signs aro 


Is a r«^to» about the ongiu, wbioh will often bo called the tttcemon. 

^ The iBreriJop (or nflorlon kfeoot O) eas Le regsrdod at Lbs rotnlfcaat 
of I 

three nooealve rifle rtoii aboet threo matnallj perpeodkralar ptanes (07, 
OZ), (OZ, OZ), (OX, 07) diaiTD throogh 0| 

(//) a rotation through tiro right togloatboiil anf azla OZ drairo flDoi 0 fol 
Jfmed by (cr preoodad by) a ra/Uxion aboot bbo pUno (OX, OY) drawn 
throngh 0 perpondioulip to that aila 

So. it, Jlfue4((9» a/ a rajifecloa oboe/ the ■fine l« + «ny<l>sji«>0 irikrrr 1, •, a 
sN 8(rfot/«fi>«airiict 

^ (^11 Mil '’i)f C^ii M« *i)i (1, M, ^ (ho dlreoUon oodaoa of tliree raotangalar 
aiaa OX', OY', OZ'" vkh refenuoo to the glnm co onZaatoaioa OX, OT, UZ | to' 
that In (4) we ha^o 1 



Wfaen OX', OY', OZ' are axei ot oo’iHdlaatea, tbs equaXion of tfae glren plaie 
and the eqnailon of n reflaikui aboot It b 


P,'« 4 .P', wbonf- 

“l. 0, 0*“ 

(A 1, 0 

-I^B 

”0 0 0*“ 

0 0 0 


J>, (A 


J) 0 1 


Jt follows aa hi (O') had (0) that whan OX, 07^ OZ an ana of ao*QtdInatoft tfae 
eqnalloii of a teflaiioD abont the glrao plaiiele+Kv^-MMO h 

Pi—f t, whan 






-Ufs , -81*^ 
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f-I-B 
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[*,*.*]- 

-Bml. ~imn 




1 

-Bih» , I-8a*^ 
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lUi nnlb oleorij rom&lni tne wb«D tbs um OX, OY, OZ m left bended 

Jto, ff{, Xfluetfee ct^are4ee<fi» fwlAe pfMRjrfene (e+fey+ef 4-p-O when 1, m, « 
ere dfre«(toiu«eefiicf. 

If t ii tbe Mine mabrlK ei fn Sx, ft, thii eqnaltun li 


'•,+IP “ 


a + lp 

V,4-«p 

-f 

y+^ 

_a, + ap_ 


_a + ap ^ 


•l 


-fllM , -Ua , -&lp‘~ 


a 

Vi 


~Siaf, 1— fm*, — flnin, —Sap 


y 

*1 


—tnl, — Saae, 1— J**, — Bnp 


t 



1 

0 

0 

0 

M 

1 




Xe. fs ^ a pteee p flfl be eoeflerfed fe/e a ptene « by s rfyAt>baiiii«d rabiHee 
tkrouyb en enyfe ebnt amy ae/e, Ibee fibe reeeifaef of iwc nuceufT* r^flerioei fn p 
and 4 <1 a Hght-hnM ratttHon fbroey^ a« anpte a aboNt that ariM 

Hite (MB be aebn by taking the gfren szU to be OZ, end p^ 4 to be the planei 
yaO, e alo ^ a— V coe ^ ei^Ck 

Sa, Vi irgedifaa af a ripkl hneded raiotio* ihrwph ae oeyl'e 9 about a ytren 
aaia 09/ erilroae dfrtaito»'eatf«eB ore A, p, a. 

lait (A„ pi, r,), (a,, Pi, F,), (A,p, f) bo Uio dIroetlon-coeJnee uf three rlg&t* 
hamlcd nubangQlar axea OT', OZ' ^th rofennoe to the ghes (rigbbbandod 
reotangnlar) 00 ordlonte oxsi OX, OY, OZ, ao Uiab In (4) ire hare 


A, A, A 
Ml M< M 

L*** '• ' 


and det 


Whoa OX', 07', OZ' are asea of eO'Ordinetoa, bho equation of bbe gtron rotRUen 

la 


ooa f, '-■tn 9, Q 


P,'"0 I", where 0 


aln if 


roe # 


0 , 0 


0 

1 


It followe as In (O') and (0) that when OX, 07, OZ ira; axea of eo ordtifetaa, 
tha equation of the giron rotation la 


•piwf P, wbopof-eey 



0. a, ouLidfl 


^'a 


u 



"x'-l, x^ . 

X# 


0, 



f«l + (i-OaB 9). 

, /*■-!, 

ftn 

trin 9. 

» , 

0 >~X 


fX , w/i , 

f“-1_ 


_-A, 


0 _ 


This remit ooold aim here boen dedcsod fnm Bn 11 and It bj hroating khs 
glToa iDhiUoD HI UiD rMnltaafe of (rwo naoemlTe rallaikai aboat two pUaos oaobaiQ* 
ing OZ' whloh an tnoUned to one aaother at an aaglo 4 9 , 


1( OZi OY] OZ wan a 1effc»hefided eai of reotuignlar axoSi tho mna aqnatloii 
would reproNnt a laft^baitded ntatka thrangh so anglo f abost 0Z^ 

Ji v1 If In Bx T we expnm tlie eqaan semi unit matrix f In the form 



we haTt 


I,-l+(l-ooi#) (A*~l)-X«<i-ooal (l-X*), 
in.-l + (l-ooa #). (^•-I)-,i« + »a I. (1-^'). 
a,-l + Cl-«ai). (r*-l)->.*+ooa», (l-f*), 
ei + m,>iS (1-coaf) pm, 1, -fWiMi (l-eoa I), wx, «,+(,■& (l-ooa 9) 
•i— fn,aa iffn 9 X , l|«ii,w8Bla9. /I , ei|-{|Bg g{a f, ^ 


4. Tlia ulf and angle of a rotation about the nrigin 0 whow 
equation 1 b given In the general form. 

Lot the eqnftiion of a rofation obont the origb 0 of fclie right-handed 
reobngnlir uee OZ, OT, OZ be glyon in the generel form 


Vi 

g. 


h I, h 

tA, m, 


orP^=^.P, ... (D) 


irhere ^ Is a glyen real aiuare eembonH matrix whoee determinant hon 
the yalne 1 , aod lot 




^1, 

®i» »e 

**ii ♦*§, **-"P 


(1) 


be the ohAnoierletio mateii of ^ Tho latent roots 6f ^ are the roote of 
tho equation dot aO or 

(P“l){p*~(li +»i+»a"'^)p+l}=0. 


( 8 ) 
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«:tid beeabMCl a latonfc‘ttx>bi'thO'b^iArp iB alwbjrB 

dageiiqrate.^ The pdaitJop of a £nlto point). P whose odoEdioatee iritli 
raferenoe to (OZ, OY, OZ) arc y, • will bo onaltored by tho rota^b 
and only if ^PaP, » e , If and only if 

I 

*(1) P=0_ .. (3) 

’ » > ■ I 

B6aaiue^(^) la always degenerato,. this eqaation alwo^ hu.at least one 
finite noD'ioro solution for the matnx P , and if F u th? oamwpondlng 
point), the I’otation (seo Bx. i of Art 1) is one abonfc the straight line OP 

Thna nery rotatum ahout 0 (uA^ As p«n<) u iC^ 

Uon oioHt a drainht Una iknaiqh 0, 

Tn the paitianlar case whon (I)) is the Identical transftninaUon, i e.^ 
whon.^sl, it leaves the poBitionfl of all points of O unaltered, and can 
bo interpteted to bo a rotation through an angle 0 about any stiaiglit 
line we please pasiing tfarongh 0 or about any finite straight line 
whatever 

To obtain all tho points whose positions bto unoltorod by the rota- 
tion, 01 * all the solutions ^ (S), in other oases, wo will oanndsr tho 
oonjngate Todproaol (or tho redprocal) of ^(1), wluoU is the symmotrio 
matzix 


“1 + 1;— 


i,+«» 






l+»#— 






BooaosQ ^(l).i>=dot^(I)>lBO, 

tlie equation (8) is satisfied whon r, y, s are propoi’tionoj to tho Ist, fin^, 
flrd ^pments in any veeiioal row of 0. Again beoanse ^(1) is d^ne- 
rate, the rank of 4 cannot oxoobd 1 ; tliereforo by one of tho propertios 
of syiAiaotno inatrioea the nuhoalB 


Qjsiv'l-f Ij— r» 


Q,= ^1+a,— J,— fs, 
oan bo so ohosen bliat 




[Qi» Q»]» 


(B) 

(fl) 
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7B 

rhere bm iben tnro poBBible ohoiotf of Qi, Qti Qn ^7 ^ 

mdioaJa whiob is not 0 bBVisg TrUahoyer we please of its two possible 
values. 

Froin tlio eqtuUdfma 

i— Iji aS|H|“eS|**”2ii aiiHi— fHgt»i*Zii 

1I|Z| — »iZ* =WiJ *1^1 “’*•^1 

ZjWg — ZgWj =**ji =i*j» “Wgj 

it follows that 

(»,+«i)*=(l+«i— » b“Zi)( 1+»*— Zi— »•)» 

(Z| +»!>■ -«>-«■)■ 

(«i+Z,V =(l+*i— (^) 

(s,— m,)*=:(l+Z, +ffi,+».)(l+Z,— 1»,), 

(Z, -«,)■ =(l+li+iB,+«g)(l+m,-«,-Z,), 

(«i-Z.)* =3(1 +Z, +»,+«,)(!+»■ -*»-»■), ... (V') 

(*•— »! )<«i +«i)i 

<"i-*i)(«i-»i) = (l+*i+*»+«i)(*i +»»>(. 

The oquatlons (7) and (?') show that the real faotora oooairiDg on tlio 
Hglit In them are either all positire or all negatfye Tf they were all 
negative, it wonld follow that S—Z, -«»,’-»•» tlie snra of the threo 
diagonal eloments of 4 in (4), is native, bnt tills is Impomiblo bDoanso 
quantities whose nnmenoal values do not exceed 
1 We ooDolnde that the real qnontitios 

“W|, •>> (8) 

l+Z,+m,+a,, 8— Z,— m,— o„ (ff) 

fire all positive. Honoe the throe radicals Q,, Qa,Qt and the two 
ndloals 

Q=a/ 1 + Z, +m,+^ Re= VB— Z,— ... (5') 
whioh satisfy the equations 

H-=Q!+Q: + Q:. Q*+I1'=4. i(Q»-B-)=:Z,+»,+fi.-l, (9) 

ore all reaL We have !B=0 (or QisQ,=;Q,^0) when and only 
when Zis:m,=f»,=3l, t.e., when and only when (!D) la the IdenfclcU 
transformation 
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U Qii Qii Qi ohoBon li] aecorda'DQe with (0), we moat h^Te 

«t+WB=Q,Q|i ia*h*i“Q»Qi» — QiQi 

Tbo eqafttiona (7) bto then antufled, and the oqnafaloni and (7*) will 
aleo be aatiafled if and only if 

*i,-m,=«QQii l,-«»=fQQ., mi-*.=«QQi. 

whore f is either 1 or —1, WhioheTer ohoioe hoa been made of Q^, Q,, 
Qa (BUppoeing that they are not all eqiud to 0), we oan ohoose Q bo that 
itel OonBeqoenUy we oan, and alwaye wiU^ obooeo tho ndloals 

Q. Qi, Q..Q. Mthat 

QiQt=»i+*»n QaQi=^i+*ii QiQt=«i+* (W) 

QQ|=flg*— Wg, QQ«=Ia ^ir QQ|— ™l“^l i 

and the equation (6) IB then aatiafled. Bxoept when (D) ib the Identl- 

oal tFanalomiation, there an two and only two poealble oholoea of 
tlieae four rodluahi, tbo aigue of all being ohanged when the sign of any 
one which doeu not Tauiah le olianged 

That the tinea quantibiua (8) and the qoaubity 8- fi| ate 
lUKwaearUy poitiTO folhm'a Iniraodietoly from tho fact that * Ib a real 
aymnietrio matrix whoee rank dooa iu)t oxueed 1 • foi* the dJegoual ela- 
monba of auoh a niati'fx miii.t all have the same eign. 

We uow Bee that when (i?) ie not the identlnal iiwiBrormBtioni tiie 
dlagonRh elomsiita of 9 do not all Taiiiah j thoreforo 4^ liee rank 1| 4(1) 
hea nuk 8 , and the equation ( 8 ) has only one dietioot iion-m'o eolation 
given by 

«'V'»=Qi Q*'Q» p ■■ 

therefero (D) ia a rotation abont the uniquely deto^inato atroight lino 
(11), whioh u tho loons of all pointe whose ppritaona are nnaltarod. 
Thoro aro two poaaflilo axaa OA and OA', drawn from 0 in oppodte 
direotionB (dong that atraiglit Jins After chooaiDg Qi, Qi, Qn Q in 
aooordanoo with (10) and (Iff), and BolootJng one ol the two poaaible 
vilnoB of R, we will taka OA to be the axis 

with direotJon-oosinee 



( 19 ) 
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WliQii (D) iat(lie ldentiM»l <iraiii£QroiatdoD,».9., when Qi^sQisQ^sO, 
both ^(1) ftad 4 are aero m&tnoee, oaoh haying nuik 0, 

We 'Will next determine the poealblo angles of rotation. 

1 

The three latent roote of bang the three fooip) of tho eqnation (8), 
are 


1 Md i{(2i+w,+«i— 1)± V(l,+m,+a,— !)■— 4, } 

, 1 and 4{(li +‘fni ~f'nft~^l)±QBi v'— 1}. ^ 

Sinoe Q atid B are real, i.e,, slnoe 4{2 i 4*A| Is nbt leas than —1 

and not greater than 1, wo oan alwaye dotormlne a real angle $ snoh 

' . i 

. OQed=K2i+i».+H,-l)=i(Q--E-)=iQ«-l=l-tIl«, (18) 

aiid if ^ — 1, tho three latent rooia are then ' t 

1, ooed-|-Miildj ooe^— uintf ,, (14) 

Tills i*esalt In in aooordanoo 'with the faults that eroi’y inol latent root of 
e^ i;»al aqqai-e sarai-nnib mating must be oltlior 1 or -1, and tbattlio 
latent I'oota whioh are not real mnat ooonr in pabu of the form 
where 0 la a roiJ ouglo. The latent roots (14) oro tho Bcfirno 
for all 'mlnns of $ satisfying the equation (18) If a is any one angle 
eatlafyuig the two matunlly ooiieistcnt oqnatloDs 

r - a>Ba=4(2, l),Bii]a=4QB, ... (16> 

or any one angle satisfying the two matnally oonsistoiib eqnatioiiB ' *- ' 

r 

floosiasfQ, &inio=dl, ... (IB') 

where c is either 1 oi- -1, thon aej 9=—a are solatious of (13), 
and eyezy other eolution di Ars one of these two by a innltlple ^ 

9ir . 

The three latent routs pf 4 oifl all real iu twu parbionlar oases only, 
vu^ ‘ " ‘ 

(0 whonB=0, U when +»,+«, = 8 1 ’ 

(iOwhenQ=0, ».e whon J,+m, +«, = -! 

Tho Arab partiouler case oooui« whon and bnly when Ii=ffl,=n,=l, 
» 0 ., when and only whan (D) is the identianl ti-ansformation { the throe 
latent roots being thon 1 , 1, 1 ; the angle 6 being 0 or a mnltiplo Bf j 
Q ii Qn Qi bolng all 0. The seoond pa'rtloqlar ooso ooonrs when 
and only when the sanu-nnit ipatrix 4 is symmo&io bnt not a mrit 





ii 


iliairlXf Bj wa sea from fche eqofrfcloaa (?'). Tbe angle 6 le then an odd 
multiple of t , 6he tihi'eo latent I'oota of ^ are 1, —1, —1 } and the rota* 
tion la nob the identnoal tmuBformation In all other oaaea there are 
two dlatinofc Talnea ot $, if Talaoa differing by a multiple of Sr are not 
oonaidered to be dlatinot from one another, 

By a well known property of rood aquare aeml'iinit mabrloea, the 
equation (D) oan be oonvarted by a trauaformation of raotaiigalar axea 
Into an eqnatdou of the form 


*1 


ooad, — ain^t 0 


Vi 

•i 


aln0, 

0 , 


008 ^, 0 

0 . 1 



(jy) 


where $ la any aolntion of the equation (18) ; and (D') repreoenta a 
rotation through an angle 6 about fclie new axis of r, whloh whhn 
mnat he one of two axea OA and OA^ We will Torify Ihia without 
Piling the general theory of aembuuit xnatrloea, and at the aame time 
determine what angles of rotation are appropriate to oaoh axia. 

SuppoelDg that let OA be the axis (18)f and let a ho any aoln* 
tloo of the two oqoationa (15) or the two oquationa (15'). Then from 
Bx. V of Art. 8 we Bee that the oquationa of tho ngbt-handed rotationi 
about OA are reapeoUrely 





"«a. 

*.+»! 

J|+«I 

Ifl 

a ' 

1, 

ft 




— *1 _ 








0, 


1 

1 



0 

± 


0. 

w,-». 


• 

V 




0 _ 



__» _ 


the equation with tho upper fdgn being the equation (B). Aooordingly 
we hare the foUpwiBg theorom in whioh the axea OZ, OY, OZ ire right- 
handed. 

Theoresi I* IVhsn 0 = 1 , ih^ equation (B) repriMeftii tJis iditUicdl 

trmufmnatioth In^alloOi«ri>ainilr9pT99entt aright^koMdtdntaiiofiaboul 
an orie OA vhote dirtoiioH’^otiwi on 
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A9, 

and throngh an angle a whtefi la determned (uniqualg ojcept fur wt orbi- 
tnuy adihtiw miliipie of 2 t) hg lha oqnaitfms 

(™“=i(Ii.+'mi +«i— 1), Biiia=-^QB>, 

It IB immatenal vhioh aigii ve aaonbe to the rodianl it, aud wluoh 
of the two poMiblesetB of signe we aaoribo to tho rodioola Q^, Q,, Q,, Q 
^ Wo oao oLooeo Q K to be both ])omtLvo, aod oonBidoi* a to be tbo real 
an^'lo Ij^S between 0 and tr wbioli is noiqnoly determined by tbo two 
eqnntboB 

2oo8^aQ, 2einla=:R, 

' ^ * I 

5. The peeudo-azlfl and angle of a pseudo-rotation about tho 
origin 0 whose equation Is given in the general form. 

. 7 ^T^ttbe equation of a psenda-i’otiition about tho oi'igin 0 of tliaiiglit- 
.haaided i-eotaiigaLu' e^oa QX, 07, OZ be given m the genoral fonu 

i I 



wliare ^ in a glvau i>eB\ aquaro eeiul-UDit matns whoso detoimluBJit lias 
the Taloe -1 The quauiitiOB (<„ m„ h J, (i„ w,. ».), Ua, m.. «,) 
are the dliwtloiwwBiuea with iwforenoe tv (OZ, 07, OZ) uf the left- 
banded reotangolar axoN OZV OY', OZ' into whioli OX, 07, OZ uro 
oonvertod by the jifleudoiMtatiun* Pnttiiig we can intai'prot 

the tL’Assformatlou (M) by oonipai'ing it with the ti^jujafonnatioii 



wbioh U a rotation abcrat 0 Let (S') be a right-banded (or left-hand- 
ed) rotation about an axis OA through an angle 0*, and let 

Than (B) la tho roeultant of 

a nght-lianded (or laft-h^dod) rotation Jhiongh on angle ff about OA j 
inyenion, or i^euou about the origin 0 ) 
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tho oi’dov In whioli the two opemtionA oro poFfourned being immaterial 
Thero&re bjr Bx t of Art 3, it oan also bo regarded oa tho rosnltant of i 
a right-haodod (or lodMianded) rotation throngh an angle 6 abont OA j 
a refloxion abont the plane through O porpendionlnr to OA , 
the order m whiuh thoao two operatione ai'e performed being again 
immatoidal Talcing the latter yleWf we will deeonbe (B) aa a right* 
handed (or left-liandod) iiaendo-rotation of angU 6 haying OA ae a 
pmdo-aiM , a peoudcnaxla beluga loons nf points wbioh snifer a ro* 
flexion about the origin 

If 0=0 or iB a multiple of 2ir, tho pseudo-rotation (B) is simply a 
roOexion about tho piano bltrongh 0 poi*pondi(mlAr bo OA 

If 0=-}-ir or is on odd multiple of Vj tile peoudo-Totatlon (B) is the 
inversion, i e,, a reflexion about the origin 0 ) and every straight hue 
drawn from 0 oan bo regarded aS a psoudo-axis This oase oooni'B when 
and only whan, ^=—1. 

Bxoept when ^=-"1, there are two and only two paondo-axet OA 
and OA', drawn from 0 in opposito dlreobona. 

Applying Art 4 to tho rotation (K'), we roo that the radicals 

Q,= s,, Q,= A-'— 1 +»«.,— 

Q, = a/‘-T+V, -M (1) 

Qi=^— l+ij+mi-f-Hii Rcs-i/— 3— m, -n, ... (1') 

eatlsfying the equations 

b'=qt+q:+q:. 4 Cq*-ii*)=^+w,+»,+i, (B) 

ore all purely imagiiioiy, nud thalQ,, Qt, Q oan bo so ohnstm os to 
satisfy the Tolationa 

Q,Q„c=HB+fai, QiQi=*a+«ii QiQi=*»i + l<t (8) 

QQ,=:tt,— m„ QQ,=?i— h„ Qa,=iHi— ... (80 

Woliaviin=0 (opQ,=a,=a,'=0)whenaml only whon (B) is the 
inversion, rfo, ^=—1) and in all othor oasos thei’o aro two and only 
two poflslble ohoicen of tho four radioala Q,, Q|, Qn Q oonsistant with 
(8) and (S'). 

When tho abovq _doflned nuliciels have been ohosen in aoooidanoe 
with (8) and (S') wo oan deduoe from Theorem I tbo following theomn, 
in wbldh tho axes OX, OY, OZ are nght-bandod i- 
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Theoron n. triUit 1| i^dgiuriron (JO rtpra&nh ihe ^wmoH, 

I a r^iexim abcmi th« origin 0. In ali oihor otmi it npnmiti a riglU- 
handod ptmdo-roiaHon about 0 having a pmtdo-aau OA vhon dirootton- 
eonttw are 


X=^. v=|.. 

and angle a vbiah u detorotined hg the 

coaa=:4(li+ffl, +«,+!), Blna=^QR j 

» A, \» the renUatU of a right-handed rotation a about OA and a ration 
abaU the jlane through 0 perjtendiailar to OA 

Jk i Whvi tliB qom Bwrri.Tmtb ibaMx f Id (A) hu bbe 'tdIdm 


-I, 0, 0 


ooa*, 0^ Bind 

0, ooaf, — Bind, 


0,-1, 0 , 

_ 0, fiDdj oaaf_ 


^-ilnd, 0^ 


eotf, -riD# 0 

■fa#, oaaf, 0 , 

_ 0 , 0 , 

Ohe eqattfoD (1) reproimti pwDdO'roMloiu of uglo t Bbont 0 h»Tls0 

OZ, OTi OZ n^MOtlTet/ ii pnadoazBfc 

Jb. Bj B iraotfoniMtioD of ri^6*liaoded reotMgilar uMik QU ba dodaoed 
bom Xx. I ibafe tbo oqmitfqii of a rigbk*bBDdid psaDdo>potatloD of angle 9 abonfa 0 
biTliiff a pemdo>axli OB' with SlraoiIoQ>coalnai A, Ai ' 1 > 

Pi-tP. 

when 



X--I, 

Vi 

Ar 


0, 



^..t-(l+eoal) 




+ihif 

p, 

0. 

-A 


_ **i 





A. 

0_ 


Mm Ui. Tt hi Sx. II wa pnk 





I. 


»• 
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W* lltT* 

l,-I + (|-00il) (A“-l)-U'+«i#-(l-A*), 

*,-B + CI-0Oil) (»«-l)-iF« + ooil 

B.-m.-adTi# A, 

The «w i *M poiifll ^<g foriDalao ghmi In Sz^'vl of Ait 8 mb obtained bj pnUlng I«1 


6. Analogies between rotfttbnB and paendo-rotatlonB about 
the origin. 

If we make use of Kxe il and Ui of Art. 6» we can give a dlroofc proof 
of Theorem II which la efcriotly analogone to that of Thoorem 1 given in 
Art. 8, provided that we determine thoee pomte whioh btlObt a raffonon 
aboab the origin 0 Instead of thoee pointa whose poeitions are onaltared. 

If 8=dot^=±li then In both theorems we have 


Qi= VF+TT— Qi— ^+*>1 — **i — Q« — ' 

Q = V8+Ji+fw.,+«», Bc=vW— I,— m,— S b, 

mat QQt^li— «1* UOiCsWi— 1|* 

In both thearams the latent roots of ^ are the roots in p of the equation 

(p— 8 ){p"— ' 
and both thoorems oan be proved bj determining all the solnUoni of the 
matrix equation 

^(8).P=0. 

In both theoxems the matrix ^(8) Is degenerate, and its oonjngate 
reolprooal 4 is the symmetrio matrix 

'8+Ij— m,— n,, lt+»xi *i+»*i 

®5sl Wi + lti 8+m,— Wi+H, 


Qi 

Q. 

Q. 


[Qi,a..Q.] 



O. 
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E«. < Tram Sx il of Aii. 8 U wfll 'bo non fchnfc In botii thBoroini ira can pnb 



Xi" 

ht 

I *■ 



U_ 


irbere Md ^AhMuFi) ara kwo aaki nf dinotlan-ooilnoa. Wo than baro 

CQi»QiiQiQ]“S^ AjX, +>ti/>i +FiF|] 

E-±av^ 

OQaa-i<'<Q*-<B*) | nhia-^B, ij* +B«— U 

Sm, it, Ai oomjifig amii titd ocnpUii imndo-a»ii it/ <ia a^wJ/miM trttmtfbrwuitlon 
about origin 0, 

If ve daflno tho oimjittio aait to bo tho loeii of aU pofaba wboaa poaittoni are 
onaltfrad bj tha tnuformatfon, and kho .eomfUta pamZi^ajIa to bo tho loom bt all 
po^ti xrbloh raffer a nOexlou aboak 0, tha gonarel aharaoton of thaae kito lod for 
any eqdtuiiM bwitfoamakkm aboak 0 nxo aa ahown bdoW) where i 

a moral an angle which la not a inalkipia of r j 

li Aeana a atnlglik Itna drewn threngh 0 parpemltonlar to p 

p meani a plana diawn khrongb O porpaodloolar to L 


BotatloD of angla f aboak 0, 

Ooroplete aaJa 

Oorepleto pMndo*Mli 

f ~e 1 (crdlnaiy oare.) 

1 (tellaxbni about a aL Hoo) 

#■■0 1 (iha Meatlool kronafaniiablon) 

a ak. line L 

a qi line L 

Tho 8>way apaoe A 

The pdot 0, 

a plana p. 

Tho pdnk 0 


Paondoretattfio nf angto f aboak 0 

Comploto acts. 

Oomplato poaado-axti. 

p^ai (oxdlnarj ooaa]. 

Tha point 0. 



mgm 


f — « 1 (raflaxloB.aboob 0), 

Taa point 0, 

Tha 8>way apace A. 


Aooording aa bbo oomplato axla la 

the pdDt 0, a lb. line khrasgh O, a plane throngh 0| the S-way ipaoo O, 
the oqolbanao konefonnaklen ean bo regarded u ttia ^eanltanb of meoanlTa raHailoai 
abont 


8, 8, 1,0 plaooi ihrengh (7? 


















Ikii t, Totattob 4it fh» Hoond nnd fourth oetoo, tod b pMadD^nihtblon -In th« flni ond 
tlUld QBIM, 

\ ^ 

7 F8eTLdo-rl|fld tranafbtsifttioiifl \A regarded aa rigid 
tranaformatioiiB In n,. 

j 

Tiie pi’uiolplas Bnd meblioda szplAmed In the foregoing irtlole^ oan 
bo extended to ordinary niotrioal apaoo O.-t-i of h dimenaioDB, where a ib 
anypoeitlTe integoi*. Any '(Mkrtiloalar set of a reotaugnlRr nzos drawn from 
a finite point 0 in 0,4., oau be pogordtd'u ^ghb*hiui(led , endbyro- 
Tening i^o dlreotiaii of OQO of tlio uuta no obtain, a neoond set of 
mhuigalor axes'm wliluh is left*haud|>d. Tbe oliuioe of a atandai'd 
set of rigbtrhauded I’eotangalar lo| 0.4.1 will depond on sunie 

Btoudaid »-dimeiisioiiaL ooiifiguintion in O.^i, 

Let be the ozdiuoiy 8'\my spiioo O whioh lias bithorto been 
oonaidmed, (OX, OY, OH) being a sob of throe i'eotaugT\lar oxoe in ; 
and lot (OX, OY, OZ, OW) ho a sot of four > I'ootatigalnr oxoe in an 
ordinary 4 <wAy metriodl spauo O, wbiuh ooiitalue O4 Tlioii If the fi»t 
of the eqnutiuuH 
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_0 

0 

0 

0 

1_ 




»». (1) 


represeiite a psoiulo'ilgld bnuisfurmablun In falie second equation 
raproBonts a ilgld tranaformablon ip O,. Voroovai* if 8 is any 8-dUnoii* 
sional body iu whioli 1 b Bonvoried into S|~by the tint traoBformatiou, 



b. li. 


9fl 

10 bdo^ 0 for all paLota of B, iben the aeoond tnnaformatuiu olao qouc 
rerta B Into B| Oonneqnentlj 8 eon be eonTerted Into S, by a 
BUOoaBBion of InflnltealmBl eqmtenee tranaform&faoDi in O,, t.e. by a 
oontlmunu diaplaosment in vrhioh it mores as a rigid body , bab in 
gaderal it will bo entirely onbaida the space in all tho intermediate 
poaibioiis, 

Again of the first of the eqoaiions 
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Vi 

a 

m. 
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^ ♦»! »1 »8 _ 
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t 



( 2 ) 


represeuta a peendo'Totatiou in about 0, the teoond eqnatlou re* 
preBonta a rototian In aboat 0 ) and if B is any Mimensioual body 
in O4 -whioh is oonyarted into 8, by the psendo-rotation in (141 then 8 
will also bo oonveited into 8, by the itofafioD in 0 , represented by the 
seoood equation. The two tranaformataona haro the samo oomplete axle, 
bat the oomplete paeodo^axlB of the second transformation is tho spaoo 
determined by the oomplete psendo-uis of the first trutsformatiou and 
the new oo-oidlnabe axis OW The pairs of tronaformatiozis next 
oonildared are repmeentatlre oases of (S). 

The two eqaltenso branafonnatioTiB aboat 0 repreaanted by the equa* 
tlooi 
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«1 


oosd, — Bind, 0, 0 


» 

Vi 


Huid, ooed, 0, 0 


y 

0l 


0, 0, -1, 0 


« 

_«i _ 


_0, 0. 0, -1_ 


— * w 


M. ( 3 ) 


U'e oqniyaldufe when applied to a S'dimeiiBioiial bodj in -O^. The flrak 
Ib a peendo-i'otabon of angle d in O4 having OZ aa a pBondo^xls ) the 
BMond Ifl a robation in O, whiok ib the resultant of a rotation d abont 
the plane (OZ, OW) and a robabon ir about the plane (OX, OT) Tn the 
ordinary ooeo ivhmi 6 Ib nob a moltiiplo of ir, the flifsb traoBformatiota has 
the Btraight line OZ oe oomplete peendo-azla, the point 0 u oomplete aiu, 
irhilat the Beoond tranflfbrmatnon h&a 

the plane ( 0 Z, 0 'W)aB oomplete pBendoaziB, the point 0 aa oomplete axia 

In tile parbicaloj? oase ‘when d=ir (or is an odd multiple of v), the 
Arab of the trensformationfl (8) is a reflexion about 0 in O4 1 and the 
Beoond is a rellexiou about 0 in ivhioh u also the resultant of a 
rotation v about the plane ( 0 Z, 0 W) and a fetation w about the plane 
(OX, OT). Tho flrat trunsformation has 

lihe 3 *way spaoo as oomplobo x^seudo-axis, the point 0 aa oomplete axis') 

wbilst tho Booond transformation has 

the d-way space O, as oomploto peoudo*aris, the point 0 oa oomplete axis. 

In the pwUoular caao when d =0 (or Ib a mnltiplo of Sir), the two 
tranaformationa ( 3 ) become 



u_ — 


~1, 0, 0, 0“ 


s 

Vi 


0, 1, 0, 0 


y 



0, 0, -1, 0 


s 



_0, 0, 0, -1__ 




( 4 ) 


The flrai tL’anaformatloD Is a reflozioD in O4 abont tho plane (OX, OT) | 
and the seooud u a rutatlou lu O, tiirongh two nght oogleB pbout tho 
the plane (OX, OT). The first transfonnatlon hoe 



QO b s 

tlio itvaightline OZ MoiinplfltdpBoudO'ftzUt thd plana (0X|07) u 

oomploto ozib , 

the saoODd fJ wmfnF mafaon hfiB 

tile plane (OZ, OWJ u oomplots pseado*azis, the plauo (OX, OYJ 

as oomploto axia. 

From (4) lb will be seen that, so far as events in luv oonoeniecl, a 
refleziou in about a plane p u e^niv^ent to a ivtation throng'h two 
nglit angles about ji In Og Thus if a Tnnn eiiatliig in and oooniij' 
ing the oonfigniation H surreys his image H* foarmod by rofloxlon about 
a plane mirror, he will know that he oonld be carried from H to H' by 
a rotation m Og about the plane of the mirror thitnigli two right ongliw, 
t.o., by a oontlnnooe iigid movement m O. , bnt in tbo exoontion of this 
moTemeut hia enetenoe woiJd cease m all the oouflgiiratioiis intei’* 
mediate between H and H' , i.o, in every snoh intonnedlnta 'position lio 
'wonld be entirely ontnde Uie spioe to whlob Ids oxiatonoo is oonnuucl. 
Using definitions ^ipropnate to Og, the right aim of H will bo ooum^ud 
into the left enn of H' , bat if we nsed deflnitiona appropnato to Oi, tbo 
light arm of H wonld be oonverted mto the right mm of H'. In tbo 
latter oeae we r^ard H and H' aa two diffarent aapoots of thu saino 
3«dimanidanal entity, and dlstangnlah between the Wo sides of iliat 
euMby in O,, a dlstlnobon whicih is impoesdble in Og ^Imilu'ly iu 
■peaking of the nglit-hsnd and left-hsod edges of a printod page, wo 
use definitions appropriite to 8-way spsoe j bat in ordor to spoak of tbo 
right-band and lafUhend edges erf a printed leaf, we shoald have to 
dirtinguiah between the front page and book page, and use doflnltioiiH 
appropriate to S-way apaoe. 

The dlstmctlon between oongruanoo and paandcwwngruonoe (or 
between a righfr-handed and left-handed set of three rootangnlar axes) 
which ooenra in Og, dis^ipean in 0, j and both the spaoas O* and O* 
have deflmtiaiii of right-hand ednoae and left-handodnoes wliloh olw 
peculiar to them. Similarly the distinolion between oougruoiioe and 
peeudo-oongroeuoe whloh oooors In Oiaappeura k 

OTory apace 0,+, has d*flndJoua of ngbt-handedpesB and left-houded. 

uesa which aro peoallar to it. 

Bull. CaL Math. Boo., Yol. XIV, Ko. B. 
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Ok thh Bvaluatioh ok aoxR Baotorablii Oontikuaitm, 

PflW IL 

Bt . 

- SATUn CnAKDBA CnAXRABARTI, M.8o. 

In fahfl first part of tlila popoTi pobllahed in the of tia 

OaloHita MidkamaHoal SooUty, 7cl, XHI, Ntu, i anfi A, pp, 7X-84 
towards the end ckf blie Arblole 7, there hare been given eome opeiatlonB 
for eyalaotlng & faototnble oontiimanA In oomBiAing these operoilons 
we have got eome Identities whtoh ore treated in Arts. 8 and 4 of the 
present paper. In the paper^ of Mr. Horlpoda Datt« in whioh the 
above oontmaant ooffnrs, there has been given another footorohle 
oontlnaant whlob luis been evohiated in Art. 1 determinantolly. In 
oombining the oporstions given in Art. 1, we have got some more 
idenUHes whlob. have been eetablishod In Arte. 5) 0 and 7. In Art. 2 
we have eonsldored the geneml oose of tho identities wbioh oOonr 

in Arte. 1, 2 and 8 of the first pari. 

1. The oontlnniuib ' 

1 , • f 

I+o"-’y, 1+ff ■ 

(o-l)(o‘“'-l)tf, l+o^p “ 

(1+K)(1 + «■»)«! l+oV- * 

tfi IM 

I 

(l+o''-*»)o->( 1 9tt 

F{(i+ff)(i+fli/)a+“*y) 

X {(1-e) (l-«) (l-o*i«) (l-a-^e)} 

* Hiripidt Dotto) “On Um Fallon of BaOermaim’i Thkrra," iVee. Idtm^ 
JbU. Boo. Tob B5i port L 1010-17 or UbIt, Bdln. Moth. Dnpert. B^mlon 1017, 
RaMonh paper Ko, % PP- \o. 
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Here the elementa, exoept the first end the last, of the lower minor 
are given by =(l+o— y)(] + o-+— y)a-i nnd 

where b, denotes the element of tiiin 

diagonal In the rth iow< 

Let ne flret eonaider the partionlar ease when e= 8 , vit 

1 0 

l+a*ff 1+y, » 

(a-l)(o*-l)y, 1 +oy, a 

(l+*f)(l+a*|f)o, 1 + ft'y, 0 

(ft*-l)(o-l)yo«, l+a“y, m 

(l+ay)o“, 1 

On this perfonn the flnb operation 

-fl'(fl‘-l)(a-l)y*(l+y)(l+fly)ool^ + o“(o*-l)(o-l)y*(l+y)ool, 

+ a(o*-l)y(l+y 3 ool*-(o> -l)yool, *Q0l. +00!^ 

Thla enohlea ni to romoya l-a from the laet oolnmn and then anbtroot- 
Ing the flrat ooliliim from the laat waoon remove another faotor-^(l>fy) 
from that onhunn and write the 00 ftwtor in the form 

1 

o* (o" -l)(o-i)y« ( 1 +y) ^ 

1 * 0 0 0 

1+0^1 1 +y, « 0 1 

(o-l)t 0 *-l)v, l+oy, 0 0 (fl'-l)y 

<'l+»)(l+<*‘y}a» 1 +o'y, o*(a*-l)(a-l)y* 

(o»-l)(o-l)yO*, - 0 '(o*-l)(o-l)y*(l+fly) 
On thii determinant perform the second opeiation 

(o-l)ool, +o‘(o-l)y(l+oi,)ool,-o*(o_l),^l, -oool. +00I. 
Thi. BDables u to remove the feotor ( 1 -w) too, the lut column ud 
then enbtraoHng the flret oolnmn from Iho ket we omi remove another 
-(1+ay) and get the oo-faotor in the form 


B 

1+y. 1 


l + a>y 
y(e— 1) ’ 


1 

l+ft*y. 


a*(a-.l)y 
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On fhlfl pei^formlng the ihird operation 

(a‘“l)oola— o*ool*+ooli, ■we have 

l+a'i ' ^ 


= (1— a*«)(l+a'y) | 
x(l+o>y) 


1+«*W l+Vi ■ 0 

the eontinnaat of the 6th or(ler=(l~.B)(l— a4)(l— a*t»)(l+y) 

(l + ay)(l+o*y)(l+o>y) 
In the general oaae if danotaa the mnltiplieo.* of the itth oolnmn 
and I that of the laefa oolonui, ihon we have ^ 

In tho ftrat oporation 

ay«-7r+ 4 

Wir=(-l)'d ^ .(a-'+^-l*)} 

«ir+.=(-l)'a -1)}. 

{(.l+y)(l+fly)...(l+o'-*y)} 

1. Mb gOTomod by thoeo two mUa* 

In tho moond operation 

8H-^+4 

8i-«— r+2 

Z=a~l. 

In the third OperaUon 

8r»-8r+4 

l(l+a"y)(l+o‘p)...(I+fl'‘y)} 

ar"+r+4 

' {(l+o*y)(l+(»'y). ..(!+«>)} 

(ssn*— L 
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In the foDiih operatton 
8 r* ~r +4 

{(l + 4“y)(l + o*|r).,.(l+a'+»y)} 

3 y*+fli -+6 

™tp+i = C-^l)'n ® 1)} 

((l + B“y)(l+a*^),.,(l+„r+iy)j 

and BO on 

In eaoh of theee openidou k always nmty. After each opaiatlon 
bedng perforraed we flhiU And a factor of thft fern (l-o» romovable 
from the latt oolumn. Bemoring thfa factor lud mbtraotiDg the drat 
calamn from the loat we aliall find another faotoraf the farm — (I+o'y) 
ramoyable from the last oolumn. On remoring thla factor we shall 
haTe thfl oo-fnotor In the form of a determinant on whioh the neitj 
opention is to be performed I 

a {.(*+i)(,+a) ... (.+*-!)) 1 


+ (8+r-l)0,{(.-8)(,-8-l).,,(,_8-r~B)) 

J 

, +(*+r-l)(8+r-B)0,{(4— l).„(a)-8-r'^8)} 

'+ + 

+ t(! 8 +»*—l)( 8 +r-^i).., ( 8 + 1 ) 8 } ider.tloQlIy, ,,, (i) 

Proof, If we snbstdtaie any of the valnee 0 ,— 

foi' e In (I), then by meana of differenoe ^formtiliD we can show that 

in eaoh oase of those snbsUtutdonB the leJt-hand^de erprassionsthe 
rJght-hsnd^idB expreBBioa =0 AgaTn li *^ 8 , eaoh of the two ezptes- 
bIohb Is 0qnal,to tho last term of the right-hind'Slde expression, Thus 
for more than r ralnoa of e, the equation ( 1 ) la eatlafled. Henoe It 1 b 
an Identity. , 

Am. 1 . Patting £j=j+l and 28 = 8+1 In (l):w0 get ii a partlonhJ 
oase of the thaorefo ( 1 ),’ tfie eama identity as glren In Art 1 of the 
first part. • 
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^ 0 . ^ Patting 25=^, r=A and &c=a+2ft— ], In (1) wq have 
{(o+aA-i>(o+aa+i)(a+sa+s) (o+^-b)} 

=((o+2ii-2)(tt+2A-4)...Ca+B)fl} 
. +(aA-l)0a(tt+2fc-9}Ca+2A-4)...(a+a)} 

h 

+ (aA-l)( 2 A- 3 )OJ(a 4 < 2 j(i-fi)(a+fiA- 4 )..>(a+‘i)} + 

’ U 

+ {(2A-l)(BA-8)...(a*-fiJt+l)}0*{(o+aA-«)(o+24-4)...Ca+Bfc)} 

k 

+ +{(afc-i)<flA- 8 )...a}o,>^(a+a;*- 2 ) 


But 


+ (( 2 A-l)(W.-a)... 8 -l} 0 * 


{( 2 ^-l)( 2 fc- 8 )...( 9 fc- 2 i+l)} 0 , 


.. (9) 


=PC=r^ {( 2 i-l)(»A-S)-( 2 A- 2 Jfc+l)} 
^{ aA(gfe {(aii-i)( 2 ;t- 8 ).„(Bfc- 2 fc+i)} 

\Sk |2ft 

' ={ 1’8 

Hence froUf (9) we hare 
-.{(o+2A-l)(tt+SW*+l)...(o+!y»-3)} 


U 


:{«(a+3)(a+4)...(rt+2;*-a)}a„ 


+ l'0.*..{(a+2)(»+4)...(tt+8*-2)} 


+l’80.i-*{(a+4)(fl+a)...(a+9fc-9)}4i,;..M 
, ' ** 

+ {l-t6s..(ak-l)0,j_**{a+2ft)(tt+B*+2).„(fl+9A-B)} 

2k 2h 

+ (W-8)}0,(a+95~B) + {l-a-6-...(afc^l)t0„ 

wUob ii the same indentity as girei^ln Art. 9 of th^ ^ret p(ur^< 
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B, Blmilairly bj potting BS=8,fs]k-.l and 2fl=a+&^— 1 in 
tbe tliem^em (1) we oui allow that 

{(o+2A-l)(o+aft+l)...(a+4ft-tt)} = {«(«+2)...(a+a-4)} 

2It-l 

+i‘0.,-.{a+a)(o+4)...(«+ai-4)} 
+ 1 30„_,{(o+4)(fl + 6)...(o+a7*-4)} 
aA-1 

+ 1 a^fiO,i_,{(a+a)(o+8)...(a+BA-4)} + 

2A— 1 2A-1 

+ {1 8'5...(aA-6)}0. (fl+2fc-4) + (l 8 

Tliu Identity hu been grran m Art, 8 of tbe firat part 

Jjr. 4. [»-l4-(»-flO, (a+A-l)+|^0,*(a+l)(fl+fc-l) 

»— i 

+1^0, (<.+i + l)(a+4)(a+i-l)+ 

+l^{o+»-i)(a+n-8)...(a+ft-l))0,_* 

Idenboallyi wbore » and h are both poaitiTe intogera and li la leaa 
faban Hi 

Thifl identity bo dedaced txmi tbe theoBOTi (1) by putting 
8s3l<— ff., r=»— iband -^jssa+N+b— 2 


B^. 6. 


f»“A— 1 h U l»— b— 2 H—r ft+1 

0‘+Vi — -0*^.0. 0, 



H— r 

— 


4+2 a+f+4 

0i 0, 

+ 


jM-4- 


«— r 4+8a+f+4+l 

4 0|+, 0* 0, 





»— / 1 O+tt— 8 

Oa Og.p.A-} 



H-’T H—r O+tt— 2 

0,_, 0* I 


ttf— f 

a Cr; t(®+Bf+J(-l)(a + Br+4)(a + &+i+]:),.,(o+„+f_i)'} 
IdflntioaUy -flrbei'e 4 Ifr <tt— > and r <ni 



iVAtiltATtON BOkl I'AOTOftASLd OOUTUrUAJm 
Proof Tho left-hoaid-Bido ezpressiou 




f»— r 
= 0 * 


«— f— A a+r+Ji— 1 

-A-1 _i.ll la -fc-g 0, 0, 

tt— 1 



a+f+i »— r— A o+f + A+1 


+L* 1 

a, 

Ot 

.P 0, 

c. 







A a+tt— 8 

jr— 2 ( i>~r— 'A—1 O, Oa-r~«-i 

+ jf— 1 



«— r— A 


a+n— 9 
Oa.r-A 


] 


It Ash— A, b=sa+A and lienae A+AB=n+a» thon bho left-hand-Blde 
expMMlon 



h—r 

0, (b+r)(b+r-l) 


h—r 

0. (i.+r+l)(i+r)(i+r-l) + 


f—1 k—r 

fcl Of- 


{(64.ft-2)(A+A-3)..,(6+r-l 



="o/(6+9r-l)Cb+af)(&+9r+l)...(A+fc+>-fl) by example 4 
Honoo bho lefb-haDd>ajd« ezpremion 

**“*’{(a+A+Br-l)(fl+A+2rXa+A+^+l)^M-...(a+»+r-a)] 


OThiu tli& Identity ifl p^'ed. 
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7 * 

3- U (<i, fcj danote tlie expniAlon {a(o + b)^fl+3fr) 

...C'^ + 7-U)}-0,{(a-d)(o+&)(a+B6)„.(a+r'-^6))B 

r 

+ a , {(« -r 2 )(a+ 6 -d)(a+ 2 k)Co+ 86 )...(fl+f^ 6 >}.B* 
r 

— Oi{(«-d)(tt+6-d)(a+86-d)(o + 36).M(«+r-16)}«* + ... 


+ (“l)'CI,{(a-d)(o+6-d)...(a+r-U-d)}a.' 

ilien 

(®» a )j— a(fl+6, 6, m )» = {a(o+6)(n+Sii>).. (n+r— 16)} 
r+1 

X (1— «) idanfctfiftlly . • (3) 

I 6 f 

For tke ooeffloioDt (rf«*iQ (a, 6, » )* ia (—1) 0*{(o— 6)o(rt+6) 
(o+ia6)...(a+i”fl6)(o4-W»)(o+A^lt).. (o+r^6)} wd bho 

r "hf 

ooofflpl^iifc of *‘in— (a+6, 6, B )i»iB (—1) 0*-i{o(o+6Xa+86) 

/ tlie ooofficient of fn the laft-]i»i]d>Bid« exprosBlon of (3) la 

h 

(“~1) f<»(a + 6)(o+26),.,(o+6.— 'S6)(a+W)(o+ A+l6)„,(o+r^^6)}, 
X [Oi(a-6)+0*_.(o+T6)] = (-l) {o(o+6)(n+-26) 

\ r + 1 

={-l) {a(a+6K«+96)...(tt+r=l6)} 0*. 


(ttp 6, ■ )*— (a+6, 6, B ),(9={a(a+6)(o+26) 

. - r+l r+l 7+1 r+l r+l 

+ •+ 0 | 1 ) 0 p 4 .j* } 


i{a(a+6)(a+26),,,(a+7— 16)((l^(i) 
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f r r.x 

4. (a+r^)(Ai h, m )t~'a(a+i, b, » )»— rb*0(a+9b| b, 0 ) 11=0 

identloBllj { 4 ) 
For, in tibe left-hand-aide aiproaaion of ( 4 ), the ooefQoieiit of 0* ia 


h 

(- 1 ) ' 0 *{(a-b)a(a+i)...(fl+A-ab)(o.|-b 6 )...(a-l-f 6 )} 

h _ 

-(-1) '0i^a*(«+h)(a+2b)— (o-i-b-lb)(a.i.b-Hb) 

1 )* Oj_ir 6 *{a(a+b)...(o-hA— 2 /i)(a+ft-Hlb).. (a-irb)} 

h __ 

a(-l) {a(a-hb)(a-f-fib).. (A-|-h-fib)(a+^+lb)...(a+f4)) 

r — 1 

x['‘ 0 »(a— b)(a-f-Ab)— ’'Oia(a-|-b— lb) + 6 *r 0 |_i] 

= (-l)\o(^+*')<"+fi*) ‘ («+^«*)(o+in*lb)M.(«+rb)} 

'Oi[(o— 6 )(ff-HJU!>)— o(a-t'A— 16 )*f bb*] =0 for fclie exproamon within 
die bnvokete [ ] is soro. Honoo the tbeorom is prored 

ft 

6 . If Sr denote tliq earn of the pi’odnote of the n laotorB» 1 , a, a'l >• 


a""' token r of them at a time and If Jdonote the prodnot 
(a'-lK»— then[*7^ J >■+* 

+ ;jiTLA-r-l JL >■ J B, -:i*L *-*-2 JL «■ J S. 


1 

+ (_!)*-'■ a,fctb — 0 Jaj *’^=0 where A, r and fcaro all poeltiTe 

Integen h varying from 0 to r— 1.' 

(> 

[' VoU I— V* * ?«* thtn r, 'S, <» rt b# m *fro but [ ai rialfv. 1/ 
fi - r Ikn [ ” J dmtrff ■ a vif,, a* — h] 
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BATiBir cau5n^ ohackaiaiti 


(V) Let lu take tho sense ii,p u^,., and obtain fitmi it 
anobbeL’ eonee by sabtanoting each tei'm from the term which imme* 

1 1 1 

diately p-eoedofl ii The senea i**— S, «»,«,— Bi«*, ...thtifl 

found, may be oelled the seriee of the first order of differonoes and 
let this aerlee be denoted by Ai Hnltaply each tenn, of An 
by a and snhtmot the prodnot from tlie toriQ whlph immediately 
prooedes it, then wa get the aeriee of tho seoond order of diflerenoea vir , 

2 3 2 2 2 2 

H,xB,Ua + f3a«,, **i— Sj«* + B,«*, ^■~SiW 4 +S,h, ..whioh may be 
denoted by A ■ « ' , , 

Bunilaidy we are to get A • from At by neing a* ea a multiplier 
•«A* •• Ab"* ft* * 

and BO on. 

Here wo observe that aomo fomuJa holds In tho onse of oaoh term of 
any of the sarles Ai and Ab X«t ns asenme that this formula holds 
In the OBseof Ar-t t suppose Ar.^ 1b 

r— 1 f— 1 r— 1 f— 1 f— 1 

Bj «,+ Sb ttg""*** +(“!) ®r»iWp, Hb™ Si 
r— 1 r—1 

Then by mnltlplying eaoh tann, by o'“’ end snbtivoting the product 
from the tei-m that immediatoly precedes it, we get the r'* owlerof 
dlfEerenoos 

r rr r r 

»i“S,«, + B,ii,— ...(— 1) S,Wp+i,H,— 8i«, + S,tt4 

r *■“1 r *1 I 

-...(-1) S,H,+„..,[^for B. + '-*B.-i=B, J. 

Thus if tho foimula holds in the oaso of A r-n it also holds in the 

ossa of A r But it holds In tho case of A x i and A i and hsnoe it holds 

nnivenolly, 

(tO- If ^ donoto the sum of tho produoia of n faototv 
^ ^*1 ft-*iMft* toiksn r of bliam at a time then it is eridsub that 
+ ''■^ 1-1 = + = and(gino 0 every tonn of g is the 

produob of r faotors and eaoli of bliese footoPB, multiplied by a, gives the 
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h 

ooiTOflpondljiff factor in tlio oorrospondlng torm of Art wo hftTO 
A A 
o^S,=A,. 

(ut). Lab HB take the sorieB A r 

r rr r i 

— 'Si«, + S,iit“. .+(—1 ) b,«, + b,«4 

— . •+(“l)^SrMr+|, I.. 

MoUIpl^ oftoh fcamii of A r by ~ and aabtroot the prodnot fpozn 

Of 

the term fvHah immodiotalj p’joodee lb Lab tho BQiHeAi thna foand, 
be denoted by D^, Than the first bm^ of la 

tf, ^(aSi + l)«*+^(fl*B* + flS,)»i— .. 

+ (—l) i('»'8r + 0'"'Sr-, )«,+! + ( — 1) -7:^, fl'arH,+, 

=«1 — -J (Ai + 1)«,+^(A,+A|)«,.,. 

fi f f ♦“+! 1 »'+l 

+ ( — 1) ^(Ar4*Ar-,)H,+, + (— 1) ^p^jBr+iWr + , bjT (H) 

I r+1 1 f+1 

=«,— ««+^8a 

’*+1 1 ’'+^ 

+ (~ 1 ) 57 ®' **r+i+(“l) + + " 

Bimilazly tho other berma of l)| may bo obbainod. 

We can slmllorly show thot H the soHoa obbainod fi-om Dj, by using 

~ as a mnlblplloi'i bo donotod by Dg, then Dg la 

a* 


1 f +2 , r+a ^+2 1 r+3 lf+2 

«!— — 9i«i+^ B, Sr+I«p + B|tt| 

r+B 1 t+8 

+ •■• + (“1) '"2^1 8r + « ^r+4IMi 


Thus Dg, D4.., may bo obtained by nslng^, m mnlttpUoH, 
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Then by the method of Indnotiion we o&d show that is the aeries 

ir+fc 1 r+ft r+fr I r+A 

1) A(r+ A) ”r+i+ii 

!*■+* r+A 1 f+A 

fli *. + .. + 1-1) Sr + i«P + * + „., 

(it). Let ns DOW taka the Sealea 

][*-.], 

[V ]<■■-.> 

[‘T] »■ I* »■ »■■■ 


Then 


A— r, 


“ [r-a], 

[V] «■ o - 


A| IS 0 






[* 7 ’ J 0 . 0 , 0 .. 

*'• III 

A... i-'K*— ■> 

(T-l)(A-r-B)_ , •‘“^n-.-nri -i 

“ [ 1 ]."“ [ 1 ].[ i'].®' “••■ 

0 , [ * 7 '' ] 0 , 0 . 0 ... 


Ar 1 b 


0, 


0, 0. 
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lOfl 


Henoe all the baLiiia except h— r+t'* of Art except it— r+1'* and 
it— r'* of D|, except ft— y+l'*, ft— r** nod ft— r— 1'* ofD, etc are 
Kiro. Tn the oaeo of the flitt borni isaoro bat all the beniu 

from the to the ft— r+l'* do uot vanish Thus the ftrst term of 
each of Art le eero Honce by (i) and (Hi) ire hare 





r+Jr 

S, 


whero k vanoe from 0 to ft— r— 1 

‘ A 

It Is intereBfclng to note la this oonueotlon that if denotes the snin 
of the prodi^ota of a feoton tt|, a,, a. taken r of them at a 
time whan are nil arhitraiy, then asing a^i a,, a, etc. as enoooe- 
elve mnlblpliera It con oasff}]y be ehown by indnotlon bbat the r'* ordor 
of differences is the aeries 


f f r r r f 

ttj — *h 9 t**| "• SrAr<t|l Hg — 8 j«| + S|tt^ 

r r r ** ’’ 1 

-..,(-1) B,«,+„.»Lfor8*+«r4.tS»-|e B* J 


[ft+r] 

0. idenuonlly. 

[n[n 

ft ft + l ft +2 

Let Tt denoio the aeries Bt, S« , B| .... then we And by trial that 
the theorem holds good In the case of oaob term of the series l'i< 
Let Tu asenmo that it holds in the case of the series T^-, . 


k 

The first term of Is B* 


ft +1 ft ft 
The second torm of T| la 8* 

=H +o* 

Dt a— 1 




0—1 
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BAfISH OllAlfl)kA ohauUbatI 


'Tbnfl we aee tlut the Uiooroni holdi m the oabo of tbd flnb two ternu 
of SuppOM It holds good m the oaae of 

r J«+r-n 






2(+r-l 


[I] 




[T^] 


[jtn. i!i:i 

~[n'‘'[n[n 

Hanofl U the theormn la trno Ibr r—1** term of the serioB T|| It Is 
^sa tme for the r'* teiiii of the same Bonoe But itlstmofor tbo 
first two tonns of the saneB Tj • So it bolds in tbo omo of eaob torm of 
tbo Bories Tfi Thiu we nee that If it holds in the oesa of the aei4oa 
Tk_i» italflo holds In the oue of the series T». Bnt it bolds In the 
case of T, Honoo It bolde imiTet'sallj 

^ ^ a'-(o-‘-'-l)( l+a'+*-'^ ) 

a---l ) 

^ l+a'+i-.y )( l+a'*‘v ) 

[?][:=J=U 

_ "‘'[w-t-f-a] {( l + a'**-'»)(l+l»'*>y )(l+a'*‘t'y)} 

\Jl^] 

- ' n— A— r (»— A— r)r 

+ ... + C-1) o 


HT&LUATION OP BOia PACTTOBABTii COVmfUAim 


lOfi 


i 

{(l + o'+*-*y)( 

,l+o'+*S^"(l + o-i,)} 


r 1 

. 1 J 

a 

1 , 
■* T 

1 t 



l+o*-**-*y )( l + a'^+V ) "(l + a'+'-s,)] 


= (-1) 


idenbioally. 




Proof. If y= oipraaBioiis of the ^bore 

Is equal to anlty. 

U tf=— ( fclie nght-hand-aicle oipi*eerion=0 lud theleft- 

hood-Bldo ozpi^BBlon 




i-«(r‘-i.) [!][:■£!] 

.■ [;:i:;-,][,i. ] 


al- 


'S»+ '8, 


a— k— 1 
a — 1 


[ rt! ] 




IjAxt 6 



BiTlSn OHAKSIA OHAXKAVAITT 


loa 


1 f r*-ifc-l 1 r 


P -1/ \f P irw-i-r -If 

"L *• jfl.+ L »• 


-.,.+(-1) [ I =0 

for, li we put n—k=ht the eKproaslon within the brookets beoonios 

w-'Vl'lS... 


which is noti by Art 6. 

Bimilarlj by mtene ol the theorem giree in Art 6, we oan show thet 
both the expreniona of the equation are leroi when we eabefaitnlie any 

of the TalusB’^ SiVa’"" 5f^F+l ****'" ^ equation 

Thofl for a— k— r+1 Tsloea of y the equation ie natufled. Henoeltie 
an Identityi 

Ab lonroe of refei^noBB is too difflonlt to be aTailablo here, eo If any 
of the above reialte hare been dlecorered by other matbemaiiioiaiiB, 
we shall be very glad to mention their namee in proper places 

BulL Oal^ Math, 8oo„ YoL XIY, No. 8. 




rt-o 


K. Babtj 



[lllaHtrotini^ intei'-Htunuu iiwtioim in K Bbad'k Papei', i)p. 110-17 J 



On THl PM.TtrttDATIONS OF THB OfiBtT OP THfl 
VAJaKOT-ELiaTEON IN THB GbMUAIiIZID 
Hydboghn-ttnukb atom (A.) 

By 

1 

K , Basv, 

I 

Imrsoiynonov. 

Aadordlog to the modetn thoorioe of fttomio atmotore, the atom 
ooiudalB qI a naolaftr poaltiTe ohArge with N eleotrana ix)tAtiDg toand 
it lo difforecfa anooesalre ahelli (Nffiatomlo uiunber)» Of late yoarj, 
Attempt htm heea mode to explain the apeotral lines aa well bb the 
ohomloal properties of the atom on a dyoamloal qaantam theory of the 
orbital motion of the eleotroos. THte fliwi attempt Is this dlreotlon wm 
made hj Bobv’ | by oomblning tiie qnantam tl^eory of energy ozobangCB 
with the Doolear theory of the atom, Bohr was able to explain very 
snooeBAfally the apeotral aeries of hydrogen and ionised haliom CRp *). 

Bohr’a mothod waa geoendiied by Bommafeld* in e risiwkajble 
aeriea of papers. With the aid of the generalliied theory of qnantabi 
vlbratloni Bommerfeld eaooeeded in explaining in a qnalitailTe meaner 
the speotrul aoriee of alkalies and Ionised alkaline eartJu, and la laying 
down oertein general mlee for the elcddation of the apeotra of elements. 
Further progress in this direction Is hampered by our InabHity to oope 
with the time'hoQonred problem of thiee bodies. 

The problem is to And ont tho motion of any ono of the eleotrons In 
the oomblned field of tho nuoleua and the otiiot eleotxons aooordlng to 
qaaotam<meohanios. Whon the election happens to be tbo ontertnoat 
Talenoy olsotron, the solution of ita motion would provide ns with tho 
key to the explanation of its yisible spooifa. If It bappona tg be any 

I Pha Mag, July, leisu mti. 

■ SoramvfeU ih» 4 Ohapi A 
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L fiASt} 


one of iiha inner eleotrona the eolation would enable ua to explain th 
K— , L— , fcE — radiotioni in the X-ray region ' 

Blnoa an exact eolation la not yet m eight, attempta 
to obteon appirozmiate Bolatione. Thua and Bo iftv 

to taoklo helium (N=a), Sommarfeld* tried to taokle the geno omo » 
motiDn of blie outer electron, aaBnmiDg the total ohargo o o e oo 
to be equally diatnbated in a nng of radlua o. But aa wo now 
-Cram other Bouroes of OYidenoe, tbia la far remorod from b lO oo n 8 
of Biffialm TTao eleofcrona aw arranged m dillerent ehollft, oontoiiing 
2, 8, 8, 18, 18, 82, . . oleotronfl which move aooordlng to 
quantam-oonditiona.' The problem la bherefioro to find out (I) Tho 
eleotrinal Bold daa to eleotrona moYing in doRnito ahoUa alwnb tlio 
umileiifl, W to inTaatigate the motion of the oator oloutrou in tho 


oomblnad field. 

In the fa>llowlng I have aaBumed that n olootrouB, nibnatotl at blio 
oomers of a regolar polygon of H-aidaB are rotating witli nugobu 
voloolty *1 blsouii the nnolena. The general field dna to Buoh a ring 
being found, "wa ran obtain the total field by Blmple addition. The range 
of Tolldity of Bommarfeld'a aaaamption hu alBo been niveetlgetod. And 
aa a mattdr of fact, it la very probable that the outoi’ elootroii oanuol 
deoetibe the aomo olroular orbib pemnnently under the iiotlun of h 
rapidly moving elootrons, on the oonferary, it may enilei' iwnodloftl 
pertnrbatloxi ■ tba preiaut attempt uma at determining the perbiirbod 
oibifc nf auoh an atom oonTunUonally known oa hydwgon-unllke 


The lingc oonfigoration hamig elaotronB (Zesatomlo uumbor) 
waa iaoklod by Sommerfeld* on an aaanmptiou of BalUdout qulukuutiB 
(UamcTtaiuf rojoh) of revolution of the olsotrous and ho oaloulatud tho 
energy funoticra by a method of approxunaUoDB, in torina of qnnubum 
numbfWj whioh oan be utilieed to frame the Haupi, Nabon and 
Pergmanu aeriea fonnnlae The type of auoh formulae ia quite dlfCeront 
fEom of the hydrogen atom, so the niune hydi'ogou-unbko atoma" 
ia proBoribed to signify another type of aerloB lannnlao. Snob lijig 


1 Vol.^ p. 4/r0| Wrabd. "Ka, /,Phttth," VoL H. 

p. SS I Ooater. ** PhO. BEig.,” 1^ 

■ Leoda, " Phya. Be." IMl, p. Hi. 

■ Bohr, ** B».f Pfctfvfk,** PP> 1*^* 

t SonunOrfald. Atomkau. bhltd ed.,” Anhang, p. 7B1. 

■ Iioringi " Atooio ThaoriM.” 

a ' AtoMbau mnd BfdtraiUnUh* 2mUa Avflapi, BfMnaohwiiIg, 1081, HiuAbe hhiI 
ApAnaunpafh fi Wpp. 60M4. 
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QonflgnrabionB liaye been applied proviBionally -mUi appu*eiii ■nooesB 
to a wide range of phenomenA, noiAbly, the theoroiioal dorlTBldon of 
Blti formula and a foHton of the Balmar and Bydbarg otaesi nnd tbe 
oompatation of Z-ray fi’oquonoiefl. 

The additional flold ( Zmai^tld } of Sommortold la modified in tliia 
paper to fit iu with the aaaamptiou that the angalar Tolooity of tbo 
ring eleota.'ona will not be indefinitely large In oompanaon with that of 
the Tolenoy oleoti'on, provided that tinder certain legitimate llmltationB 
the nng configuration aa poatnlated la a stable one', and the loniiatlon 
pctentiala found ont theorefcloally on anoli a basis is in agreement with 
axpenmental faota. 

In &ot the term gmaroiittd ia appended to signify an oleatrloally 
neutral atom, althongli the preaonb problem la applloablo qnite well to 
Ionised atoma, and without loaa of genorahty to aD boavy atoms Ionised 
to have a single valency oleotron, snoo the tnng next to the latter has 
the moat important bearing on its motion than other interior rings. 
Althongh, Bs a matter of fnot, the theory of ring oonflgnRition of atonuo 
ayetema ie loalng mnoh of lie mterpeta and Bohr (Zoo*£»l) oonoelvea of 
aopai'aio orbital oonflgnrationB for each eleotron still it la quite apropos of 
the time wbieh baa hai'dly over any pca'manenqy of theorotloal gronnds. 


U 


DvTJIBUUIATIOli OJt FOTBZrriAL Fumqtiok» 


(a) By lie 3felhd qf Zonal Harmonica, 


Suppose generally tbore are % elooti’ODS situated at the oomera of a 
regular H-gon, whlth is rotating with tho Yolooity u Wo wish to find 
ont the potential at on oxtornal point having a ohargo >>0, the 
initial line passlug throngli tho oenixo and a parUoulor eleotron on tho 
ring. 

We have 


Y=- 


T 



+ •»• + 



where fitfaiM.f* are the dletaocoe of the olootrona from (r,d), the 
AafpiMkli and + Ze tho oontral oboigo. 


' The staUlily will bo dleonaiod In paper B in tho not thli Butins, r 



llo 


tt, BAIC 


Kow 

I 

* ;?r' +a' ~2faoafi^ 
f,»=r"+o"-2njooa(fl+a), eta, 
r »i=r" + tt"— afaooa(d+«— Itt)* whereas^. 

We liftTe 

2 =l(i+ ? p,(o+.-=l*)+-+ ( ^ ) )• 

For ln?enbyi leb tu denoto 

by P ..,^4 

Thfi^ 

v=-^-+«-*[x+( 2 )?...+( f)‘p.,o+ .] 

•* 

+^[x+(^)P...+(;)P... + ...]+»t<>. 

+7[ ; )^‘’— +( ; ) ]• 

Thot 1 b 

v=_^v^[.+(-“)8.-+(2ys.-+ 

Bii +Pbh+-"«*1' 

Wo Vnow 

flimilw rtliiQB tor P.,„ P.,„ etc. [See Byeply*a Spherloa! Harmonloi 

p. 1B6.] 
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Whence 

Sl= [2jo(M«tf+ooem(tf+a) + ooBm(tf+Ba) 


I 

r^(iu-lKai^a, lo«(«- 4 )»+oo.>- 4 )( 8 +a) 


+ .•• +ooa(m— 4)(tf+«— 


Put 


O;(fl)=ooflrf+03M(tf+a) + .„+coM(fl+w-l<i)- 

(issm, irt— 8,tn— 4, etc,) 

= ooi { ) ai nmr/sfu^^ 

W H 

= 0 , (#=^), 

I 

0 S (0) =008 (m^ + (n — 1 )t} Binmr/sfnir 

NoW| If n oddi siDAT/ainv^A I if a ereoi einAr/Blsirs— n ; thenefore 
OS(d) = ±nooB[n^+(n— l)v}, aooordmg as » is odd or erensfMiom^, 
whothor » be even op odd, and O5, (^) =ooi{2wff+(n— 1)»} 
Bln8H«'/eiD6i‘=Aool2n^, wbefcbep n be even or odd 1 ond ao on for 
0:,(d), (f=t,a,...adtV), 

When w even, 

Si =» { ■ 


when m odd. 


S;=0, 



m 


X. BASn 


And 


o,_ l-8-6...2»-l 
**• 2 4 e...fin 


201(6) 


(« + “ ra °= W ] 

"fl-4 fl.,.a»+4 ® 

ill others except 0;;(d) TBTilah 

( u shown <Mie). 

all other terms eoDtribnting nathlng, ozoepting O;(0) } and so on. 
Hence 

I 

. .T f /' a Vo 1 8 6.,.Bi.-l o , r a 3 B...2»+8 

+ 71 lU;® Fo-5r"®*^+U ; ® ^'4 fl.,.a»+4 


. I'H+a O . / a V*‘o.l-8-» .. 80 + 7 . l'8(»+4KB+a) 

rK+5’™^+l;;^ rBcS^T^ffirp) 

Bacaofl+eto.} + [(S 



fJBTtJSJIATIOMS OV YAtiBNOT-SLlOTBON OEDlT 


11$ 


< ? ) fss— .<+( • ) ■ 

" in’-iS+ ^n }+"'• ]■ 



^(i)'(-;)'HH)'(")‘*-] 


+ . WounUnfl+uto.], 

wLora 

/.(0=‘‘.( f ) +fl.( ^ ) +r.( ^ ) +..., 

Md BO on ] 


'‘"’“BT'gTTir 




1 8f^+l 


«>•> 




r»= 


1'3 ^ 2h 4*1 4 2tt+8 

■ff je+s 


8 2n+8 

3 


fi,) eto. 


/■■(Y)i/i.(Of being tlie bozuo fonotiQiiB of r aa /^(r) obtained by 
simply sabatiitatliig 2 h, 3», eto., instead of n hif^^r), 

(d) By ik« Sfetiod qf Fonrusr Smea, 


Aa in (a), 


Vc=— ^ +®- [(1— Bjwioed+/**)“'^ 4; (1— S/woB^^+a +/*•) ^ 

+ (1— a/AOia(fl+fl(t)+/i»)“^ +„. 

+ {l-2)iioos(tf+n— io)+^»}“^] 


irlien 
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Eenoe 

V = -^' + -r i S ooeitf+i S oo»(tf+a) 

r r L ■ — OD ^ —oo 

+ J S 6 ^^ CM^( 0 + 8 a) + M.+ i 5 ooa’tfl + ], 

» _00 *— oo -* 


where 


1'3 

1 


' [w+S)(&+®i 


1 8*8 
^ +fli :0 


,.(.1 . w ( i {;5-, < u ^- *.. 

+oto., 

=l+(*)V+( ) F-*+{ ^0 ) (*• + ■" 

and 6<‘> . 

[Bee fin* iiiBtaiKn 'i’iHuprajid ' U«o, (JoUaiv* 1. !t70>73]. 

+^[{(« v +( ^ ) V +.-.} x»+_i 

li+s • STa'‘*+ n 

+ .„+ooe»(5+»^o)}] 

+ ...}ooe(ifl+ - (»— l)ir) ’ 1, putting iu 0 =??", 

^ Bin~ J ^ 
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If itfm, or 2f» or 3;», ebo.i 

Rm^v/aio^ =0, 

If 2n, etc., 


n 


aooordiilg on n ia Odd oi* even Honoe 

oo(i{ifl+ -(«—!)#} =iicuH0, NOOflSttfi, etc,, 

** Mn^ 

A 

whether n is oreti or odd 
We And then 

v=-^' +^‘ H+( J )V+(|^ )V+...] 

^ +-h» 8 «w 

, 1'3 fi ..4«-l ..M , 

=-^ + "-f [i+( \ )V+( )V+...] 


+ ^'[/.(r'looiHfl t-/,.(r)oorf»tf+ . ], 

T 


whoro 


^ /-^_l•8‘B...9l»-l...rl .1 .8«+l ... ..1’8 (2»+l)<Btt+8).., . ^ 

fl 4 >ff. Sn '^ +-1 
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if 


.1 8 5 ...&A -1 
■ & 4 6 ..fin 


R _ 1 . 2 »+ 1 ^ 

^-"2 fiTTlS®* 



2 »+ 8 ). _8 
8A+a)^2i»+4) ' 4 


Bk+S 

Sn 4 ^ 




etc. 


08 &>iLiid oat In (a). Simikr valnea of /aa(r),/|,(r) eto, 

The ezprenalon for thu potential may he oompai.'ed with that giTou 
by Sommerfeld. * Thu ii 




Thni Sommai'fflld han got only the Drst term whioh Is free from 0, Tlie 
remaining terma inrolre both i and 6 and oannob be negleotod ezoept in 

the exoeptioiial olnminstanoes, ezoept whon ^ ^ is rory small, or r u 

large oompond to a, far distant orblba hke 2p or Sd* or 2,, 3, orbits 
in Bohr’s* newer notation, Fqr the treatment of (ms) orbitB, snoh 
approzimataons oro not permissible. This ia mt allowable in atoms of 
smallor atomlo weight like lathiom wliero n u small (2 in the oaso oE 
Idtliitun), or whore iu the outer ring, there are moi'e than one oleotron, 
0 g,, in the case of the alkaline oaiths or elements of higher groups 


III 

BqumoifB ov Monoa ot thb V/luhoy RraoraoN. 

Suppose the »'Oloatrona distributed at equal distanoea on the ring ore 
all daeoribing the samo nnportarbed olrolo of indios a with ongnlor 
Yeboiiy m (there being no matual pertnrbatioiu between them) , and 
elio that the Tolonay oleotron doeorlbos a pertorbed oirole of mean 
radine h with normal angolnr Yelomty v' We define 

^=W+<i 

X=oaV+/+ii-, 

OPsr=h+f), 

■ ' A tamhtn «Md SpuHnUiulu,* Bod od., ffwA/n wiii 10, p. 507. 

• Ibid, Otap., TI. 

* Bohr— lOG, oU., p, 80. 
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whioh bhe radios voobor bo any ono of blie Inner oloobroDB 
makes with a line (OL) flxed In epaoe, 
d=fuiglo between the mdilveotoros to the ontoi’ elootiron at P and the 
inner eleotaon above refezrod to 
X=angle mode by OP with tho fixed Imo In space, 
p is small in oomparlson to a, 6. 
o- 18 always a small angle 


Whenoo 


(Mi+0, 

= (•*'— «)/ + («'—*) + 0-1 
=I+tr, say 


Qqnatloiia of noblon aro 


m 


[5 !!■ 


or 


dV 

Fx 




Uomemberlng 

)'({)■* I 


9f?o*i 


+ " [/•(»')W'W'®+Ai(0C0B2Hfl+...], 
WO find for n olootrloally noubnvl atom, Z=« + l, and 

F-+7i LU j ® v+iffTi 
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K. BAfii; 


Wow 

d 


7 ) +(«+»)/>■( ) + ■•>■ 

k% > ■■+• 

|.•r-7..(0=-7,^(2'*+l)‘■■(7) +Ce*+8)^-(“) +-1> 


oto. 


STihabitobing we Hud 

i-( 1 )■•( i )'+* ( n )'( i )■*■"' 

+ ®^“[{(» + l)a.( 5 ) +(»+8)/8.( ! ) + "laxwO 

+ {(S» + l)<i-( ^ ) +(2tt+a)^,.( ? ) + 

-■-B 

+w[K.+i)*.5?;.(i+e ) 


+ («+3)/3.^I-!(i+^) +.■■)<«>»« 

+(ai+a)/9,.^' -(i+g ) +.,.}ooBaB9+iito.]. 


PHBTDBDATCOHS Ol^ VJLLUKtiY-llUiCrr&OH OUBIT 


1)0 


Kow ^ ooen^soosAl+tMrfllcfll , ofio. Sabstlbubuig m fclie fJMve 

iihe values of ooonO, oosdn^ ^e Bnd, if h=afh i — 

+ “-5J'[{C'*+l)«.*i‘+(»+8)/9.f+'+ ..}(!0«.l 
+ {(a» + lK.»’'' + (»«+8)]9i.if-"’ + ...}00B2»I+.. ] 

+ «^[a-«{8 4(i)V+a5(i^»)V+..,} 

— a»{^ («+2)(M + l)«,i" + (*+4j(»+B)j8,J;'+*+ ,, ^msiil 

+ ^ (2«+a,(8H+i)<.,.t*'+(a«+4)(e«+8);9, 

+ ■■■}]+ ^»l(C*‘+l)'>.i* + (»+8);8.J;'+' + ,.,}mM»I 

+ B{(2H+l)B,,*i” + (a«+8j;9,.lp«*+* + „,)Bin2»I+..,], 

^x«»"Oc-0)+/..w 

= ~ [/.(•■)»l™CI+<^)+a/,.(r)»lD2»(l + rt + ,.,] 

Now 

BiuttCl4’(T)selaHl+turoo8nI, oto. 

Sabslifcntlng wo find m beforo ' 





uo 


IL BABU 


+ H:(a.l!-+^.i-+- + ,..) 008 *I 

Tbe eijaatilonB of motiou oon be \mfcteu tbne 

+ ^[i(»+l)a.ili' + (ii+8);8.i>‘' + ...}«»sl + ,"] 

+ &*>-»««•< O'*'-*’ )’**+"•» 

— at*{(«+B)(»+l)o,i' + («+‘lt)(n+8)/5,ft'+" + ...)o(«Hl+„.}] 

+ (r[{(tt+l)a.fc> + (ii+8)j8.ft-+' + ...}BiD»I 

+8{c2n+l)a,,*'- + (2**+3)i8„i*-+» + .,.}BmanI+..,] ... L 


+B{(2H+l)a,.if‘+(2»+8)/9,.ft-+- + - •}aln8ttT+--] ... II. 
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1 ' 


Now I = (oi'-«)i+(f'-€) 

li ft \ /I Vb 

KquUdimi) I, II oau tlioii 1 m >Yrlfcbou lu klio fui’m 
ak I 

(iT’ «'— « ^ («'—«)■ 

^ KquaUou 1 ] 

For tbe sake of komogeneiby writs ^ foi* p, bo that 

f=i&(l+p). 

Honoa, we hare 

^ (7^‘ i^)* “ ny^f* ••• 

Now pat — «'/• — ft/av, BO that 


,.. IT 


* — ^ ^ 1 ^ 

~ a*/w ‘ 


DeoatiM 




A V 

approalmatalji as oau be Beep from the rfJne of foand abovo. 

If (//, o', fft o’) stand fri’ 


/ d*p d*ir ^ dfr\ 

31* » S' a; 


^ ) 


‘I i 



k. kiav 


lii 

rakpecbiYBly, the eqiuvtiouB 1*, ll'cau bu ro'Wiitbeu lu Uie form bliuu 

W — «{8 ( 5 ) ( ^ ) 

+ll«F'[{(w+l)tt.4- + (i*+aji8.4-+*+- ■ ■}twflnl 

+ {(fl»+l)a. ,Ji- • + (a»+a)/3..]b--+*+ ■ • ■ }oc«2^ 

+ p-p[a-3i{3 4 ( i ) /.•+0 B ( fc*+ ■ • 

-&.{( («+flj(«+l>.i'+(«+4)(i*+8)j9.A'+»+ ■ - ^oettl 

+((flii+a)(a«+iK,A'-+(aM+4)(i!»+9)j9,.A«-+' + - * ^MBawi 

+ ■ }J+llH<r<(r[{(«+l)a.A' + («+8)^.ib'+'+ 

+fl{( 8 »+lK.A*' + (an+ 8 )/S„fc*-+» + '-‘} 8 inaHl+ •] ... ( 8 ) 

+ ■ ")8UiailI+ • ■] + flH*F*ir[(a,A* + ^,A"+*+ • ■ •)0OBttX 
8«(a,.]b"+^,.fc>-+* + ’")ooa8»I+”*] 

— 2 »*FV[((»+lKfc" + («+ 8 )^.i''"*' + • • ■ Iriiinl 
+a{(a»+i)a,.A«-+(a»+8>j8,.i>-+'+--}Biiiij»i+'''] ... (4) 
IfiqnaUooB (8) Md (4) om be briefly ezpreesed tiiiu : 

Sw'+(O,rt + 0n<»B»I+©i,,oOBBi»I+‘ ■ •)p 
+ (Og,iSiii»I+©,„Hiiift»I+ 'Oo" 

= 0lrt + ©lrt«**I+©8ii«»af*I+’'*- m (B) 

o'+BV+(©*,iBm»I+ 04 H®iii 2 »I+ ■ ' •)p 
+ (©„iOO»I+ ©•rtCosS«I+ ■ • ■)(r 


B©f,ieuiiil'f ©•tiBiiiiifil+ ' * • 


III 


(fl) 



PHRTURDATTOKfl OP VALraOT-KT.HOTHON OWITT 


m 


The values ot 0 ’h are given below • 

0..p=^‘[-'l+«{8-4-( I ) i«+0 6*( )V + --] . 

G,.,=2W[(tt+a)(»+l)a.*- + («+4)(»+8()9,i'+« + . ], 
0,„=a»v"[(2»+a)(2H+l)o.,i‘-+f2ii+l)(2ll+8)^,.l"+‘+' •]! 
©,.,=-a*f*[(«+l)a.J|- + («+S)/J.4«+*+ .] , 
o,„=-i»*i’*[(a«+i)a,.J«"+(ito+a),9..iit*'+' + ."] 1 

0 .,o=«-'[n ( j ) *^+" ] i 

0...=2»rf[(*+l)<i.l'+(« + 8)/8.f«+ ■ ]i 
©•..=2"i'*[(2«+2)a,,J‘' + (aB+8)/9..if+'+...] ! 

0 .„=a».'K[(« + l)a,J,' + (»+8)^.i'+«+ . ■] , 

0..,=2n'v«[a,fr-+fl.ft'+«+- •]» 

0 .„= 4 »'t''[«|,fr’'+/J.. !■•■*•+ -3 I 

and HO GM. Siaae k, Ic ore fractional wo eeo that among bbe 0*a, only 
01,01 O,,o bw^ror than othdra (providod a>2) by an appreciable 
omonnt. 


TV 

SoT.imOH OV Till Kviationb, 
(fl) Tke Ofiwpl0mfiiiinr]i/ Fitnofion 

Tho oqnaHona 

do oo 

//— Snr'+P S O,,,oow»l+ff S Oi.rRlnvflTesO 
reO r=l 


00 ec 

o^+2»'p'+p S 0*,,RlnraT+c 5 Oo,refvir»iT=0 
fs=l r=l 


[A] 



K. BABTt 


m 

ai'o l)Uiuu(fDU(K)QN liuuuL' (littuL'oiitbvl oquabioi]!! wUL puiiuUk) uutiJUoiouUi, 
uul Uiu tiolubMiu, lu will Im tiwu, uid quMHi ))unu(lio uoluUuim ul lUu 

bjpQ 0‘’^^(1), vrlxA'Q ^(l)iiiikpet'lud[uEaiiut{uii liuviugbhu uaiuB peiiml uw 
the ooenioieiitH iu Lho above eqnalioue and Iho ^HM'auieter o la tlie fnotor 
oH q^Qisj-iraiiotlioit^ The oinix uf the pivbluni oeiibrua roniul a uuniplote 
ilotenniDatioii oF tbia imiMrtaul parauietei' Ec^naliuiia uf tliia natnro 
with, one depaudmf wtrinble have beoii iliauDaNwl by Hill,^ Young,* Inco,' 
Bokei^ uid WMUnkui',* luid woni lliTit naed by ILill In Ills olnaaiual 
sbudioe uii thu |uiiiuibatiuus uf tliu muuii. Tliu {uusuiit uquatioii la, 
bowevei, of n niui'U gouoi'ol typu its lb luvolvea iioo thpendent- wiriahUt 
uiabcnd of uMtf oa 111 HiU'h oquation , a niodiflunblou of bhoii’ niobhods 
iliifc introdnoad by Goldabroogh* will bo omployod lioru foL> an iiibogi'sl 
of fcbeae oqantloiiK, ss Hill's gUQcniJ analyiiH ihvulvos lui ovalnatinn uf 
iiiBiiibe detoL'mlnant In a, wliioh la Diimaniigablu, 

SnppoBO 

p-=e A, 
o=e®^ X, 

where A and X ore ptiroly ponodlo Fnnotions of period 2v. On riiImM* 
tnHng in oqimtloua (A) wo Hnd, ainee 

/ rl . . A* . o *» , . 4 

(f A)” p A'+sfp A^+n*fl A, 

dJ • 

(/' X) = X'+Bfie''^ X'+nV"^ X, 
rfl* 

A)e:e A' +«i A, 

d / ®T v\ of VI I V 

X) — r X* w X, 


' 'Asfa iffliAmadea,' Yol. Till I WhlUsker's'VM/ers 

• ' Aw. ftUi. utuK xxxn, p. Bl. 

• 'ir.tr.R.A A', uexv. s, p. 4ao. 

' PAA. flVffii. A,\ Voi. ua, p, ue 

■ ‘Aw. /star OoRfTNt. Ifath,', Tol. 1, 1D18| 'Aw. AUt. Uatk, Boe.*, XXXtl, 
p. 7a I 'ifodam AtMivfb.' 

® ' PkH Tnaii: Vol. 889, 1088, 


PBaTimSATIOIfR 0? vixbhot-ilhotrok orbit 


Ids 

ee 

fl*A+ao4*+A*— 2 »^oX+X.')+A S 

rssO 

+ X S 0,,,BiDf»I=O 
f=l 

.. m 

oc 

o*X + 3oX'+X'+2v(tiA+A0+A 2 0*.r8liWT»I 

r=l 

oe 

+ X 2 OiirOOftnJsO 
r=l 

Ab ft general cose of WhUtaker's solnbion (Proo. Xdin Math floo , 
loo oifc. p. 77) of Mathew's dlfferonhial eqnatlon in perJodio tnuotloiiB 
let ns UBiune series In O's and mttlfciplee of 0 'b haring coeflksionta with 
period 9 t, 

Let A=A«B{n(AjiI-^T)+2SA,..Q,». 

+ SSS 5 B,„„„ 0 ,., 0 „,+ ■■ .. [B 1 ] 

X=Xfl 0 os(XaI— t) + 2 £X,j,©r,, 

+ SSS 5 Y,.„p„ O,, • ... [W-fi] 

Here Aq, Xg are arbitiiu^ oonstants, X Is an arbifci'ftpj le/e^^sr and r a 
]iarameter whioh will bo delinod preeonUj’. As osnal lot 

0=2 Sr r (I O r)i 4* SSSSdr,t,f),f 

whoro the roefnnlenfa of 0'fl and mnltiplos of Q's aro fnnotiniifl of n, X 
and T, 

8nbstitnio thoso ralnos nf A, X and o in nquatlona [B]. Than 

{S5flr,.©r,. + '"}MA.oPin(XiiI—T) + 22A, 

+2{22rp..Or,. + ' ■*J{Ag»Xoc»(XHW)+22A'„.0,..+ } 

+ {— AoX*e*sinCXj»I— t) + 25 A'',,, 0 „, + ■ ■} 
-l?*'[(SSflr..Or.,+ ---}{X„0f»(X«I-T)+22X,.,O,„+-^-} 

+ {— XgXBalnCXBl— r) + 55X',,.0„. + ■ ■ •}] 

+ {Aoain(X,»I-T) + 22A„.©,.. + - } 2 O,,r 0 oiinil 

r^O 

+ ir.ooa(Xfll-T) + 55X„,0„.+ "} S O.„iriiin.I=0 ... [0] 

r — 1 



Xt BAR}? 


un 

aud 

{5So„.0,,. + -- }«{Xo(Joa(XMl-T)+SSXr,.0„. + -"} 

+B{5Sc,,,o,„ + . ■}l-I,X«nii(X»I-T) + 5SX'r.,Gr.. + '-'} 

+ {-A.“n-X«oM(X«I-T) + S£X',..Gr..+ -’'} 

+8»'[{SSo, }{A(,Bin(XMl— T)+5SA.,,.0r,i + ■ ■ } 

+ {A„\flooa(X»T-T) + 25A',..Gr..+ *]] 

eo 

+ {Aofiiu(\MT-T)+S5A„.GrM+ * } 5 

r^\ 

+ {X„Poa(A.wl— r)4*S5X,„Gr.j+' } E ©..pOOdraLsO CT)") 

r=l 

Fii’Btoqnate to sera tliofle ternia not involving any O HInno in tlni 
nluTO HeLHea wo have noHnoliided Oi,o iR largo rara|)a>«l wlHi 
the othera, wo ahall g«t G,,o on aqnating, in fcho ©-Inflopondent toniiNi 

Thnfl 

{(© I ,o— ^‘•*)Ao + BpX»Xo}mn(X«]— t)!=0 
{2i*X«Ao + (0-X'o')Xo}ooiiCXji1-t)= 0 
KowAoiXr, being aaenraed not eqnal to Kero, on ollTninnMng Aq, Xn 

wo get 0 1,0 s=A*«*— iK*, In general the given Tiilno of 0,,n "’111 nnl 
satisfy fehlo equation for any lotegml value of X Riippone n,,o is a 
quantity whiob Batlafles ai,o=X'»*—4v*, for Bonie integral valuo of X, 
where of oonrse, slightly dUfers from G,,o 
Now naaame 

,o + SSopiiGrii + SSSE&p,tifif Gp,iG^,* + ' ' ' >■• | W1 

To de1f0i.*Tnliie all the unknown ooolBoiontB wo shonlil impntio two 
oondltlonB. 

(0 Tlio flei'loB for A does not ooDidn tho torm Gon(X}iT~r) i in fnot 
in this Fonlly oonstitntes the doftnition of tho pai'amotor r anil lliu 
possibility of obtaining aeries which remains oonvorgont for all rani 
valnos of r depends epon our ohoosingr in this way. 

(fV) TJio Bolutiona for A and X ranst be purely periodlo with poiiiMl 
2w (i.ft, no port of the exponent shall appear in (he porlndin aoHoa). 

Pnrthop, tlieae oonditions will dotormino uniquely the nnduUimiiinil 
ooofTloientfl m hlio series for o and Gi,o 


PJlft'tUABA.TiOMB OF VitllI^by*lLIOTEON OiUlT 


1^7 


Ou Hubtititabiug the aMomed seiios foi* A| X, o aud 0i,o ui oqnatfou 
[li] aud eq^uutisg to aeiY) bho teinw uivolviug Oi,ri bu from eqaatioiui 
[0] and [DJ W 0 find 

2oi,,X»AoOoa(X»I— t)+A*i,,— 2wi„XoOO«(X«I — t)— 

+«i.oA.i,r+ai.r-A.oam(A»I— T)+AnOOBnil8m(XHl-T)=a0 ... [0 1] 

— Boi,,\»Xoh1iiCXhI— r)+X*,.,+2rei,,AoHiu(XBl— T)+flp'A\,r=0 

... [D.l] 

Now 

oo«niIflin(Xiil— T)=-l[alii{tt(»‘+MI“T}+Bhi{H(\— r)I— t)] 

When rc^^ or 2\, lb ie oloar that 

ai,r=0. 

Ifiguatloufl [0 l]i [IJ 1] rodooo to 

A*i,p-at»X',,,+anaAj„+*Ao[8lai{«(\+r)I-T} 

+ sin (»(\— f )I — t}] = 10 , 

X-,.,+arA\„ =s0, 

Fabtlug 

X 1 „ sj/ooB^X +f)»I— t} + g'ooB{(X— r)nI-Tj, 
wboi'6 ipt qt P '1 if) are oonstonts and Bolving as nsnal wo Bnd 

i A„8lnf(X+r)Hl— t} A„idn((X— r)»I— t} 


Y AB»oofl{(X+r)»I— t} _ ABW»B((X’"f)»I-“ T} 

' *' ^ "nK^+wjfSXw+rw) f»(X»-i^) (ax» — n») 

In the speoial omo, when r=X, we have 

-^pX'j^ +Ojq Aj^ +iAB[Bin(aXftI-r)-rinr]=( 


^'i.x 





Tbeee give 


X. UabO 


“i^=“ 

. A.aui(2\Hl— r) , 

^ ‘ 

1 

V A„wjoaf2Xi»T— t) 

1 1 ' 

Whaii r=2X, equAtbaa [C 1], [D l] oaa be wiitteii iu tlio foim i 

^ A^b008(AjiI-t)+A*j_ ^ -fircj^a^ Xoa*(XaI-T) 

^ +“l.0^1, 8X +“l. 2k AoBin(X«I-v)+UD[Blu(8AiH— t) 

— ■lu(XuI— T^ooaflr— ooa(A»I— T)aiiiflT]=0 »• [0*2] 

— Hoj^ 2^ X(iXo«m(X*I— t)+X*i^ jit 

+2»«,^IU,Aoeip(Xid-T)+8.'A'i^jj,:=0 [D 2] 

To obtain Oj^ ^ we ooUeot tbo Bin(A»I— t) fceniu, thuE 

^*1, 2k “**’^1, b 2k 

+A,rio(XfiI— t)[0|^ ^ — |oos2r]^0 
^\2k +*’'■^' 1 , 8X“® 

whence wo geb' 

Oj^ ^ =4ooB2r, 

taking BolntioiiB tor 
of the form 

I j)Sii](Xf»l^), g(w(XiJ— t) 

I feap^Hvely and remembering 

ai,«sX'tt'"4r*. 




fJlTUaBATlORB 01 ^ALmOY-BLaOTBOF OBfin 


m 


To obtain o^ , sinoe A mmti oot oontaln ooe(Xnl— r) term (X may 
oontain), we get from the equations 

(2oj^ ^ XaAo — 8wj^ ^ Xo:“lAoSuiflT)ooa(X«I— t)— 2fX'j^ ^ es0‘ 

[.[P'8] 

(-%, Bx ^^0 +2W|, AJaiii(X»T-T)+X',_ ^ 


=0 


. ainfir 

-ST ■ 

remombering 

XnXo=3i'Aa and ai^=X*H*— 4v*. 

Substitutuig tliia yalne of 0 |^ in olthei' of the equationa [P 8] 

we find 

•w* _ — »'A(,sin9nln(XAl— r*) 

■^i.ax ' 

To obtain aolutiona of Aj^ , Xj^ ^ m Bm(8X»lxr)i ooe(8XaI.->r) 
tormfl write 

A* 2^ +aj^Aj^ ^ +i-AoBln(8A»l— >r)sO 

Aatiama 

Aj^ *PBin(8 X»T— t), 

^1, a\ =g«»(8Xj»I-T), 

SubstdtntlDg in [F'4] and eolTlng iq p and q we find 
1 Ao . rA- 

’"51 

/ e p the partioular solutioua arlaing from the term i-AoBln(8XaI - r) are 


[P.4] 


^J, tK 



180 

oil ibe oompleto eolutioD for Xj u 


ax 


-1 ^Bb*sIn{Arf-0+^j^A.««(8Xri-r). 


2 X»n* 


Frooeedmg in tbo same meoliEtnioal proooas oan And onb the obhei* 
ooeffloieabe of 0 *b io the eenoe for A, X, aud the midetemiued 
oanstanfiB in the series for o and Otto* write down bhe oompleto 
1*080118 thns 

Tenu invohnftg (wgimmii 0^^ 

Oj^=0, 

A _ AnBiu{w(X‘f*r)I^T) AQB{nf»(X"’f)I— t1 

3fflC^+rn) 3fw(a^-m) * 

y ^ An»OQs{«(X4‘r)I**T} _ Aof0OB(»(X—r')I—T} 

**' n»(XH+rH)C!^+r») o*(Xi»— m)(2X*i— m) 

Temu tneotoMCp argument 0j^ i 

V=°' 

1 _AaBin(2 X«T— t) , AftHlnr 

’ 

__ AaK»8(2XllI^) 

ex*n» ' 

Term iueciMng ofi^vmatf * 




^1. =B ' 





F1B.VDBBAT10N8 OT VlLlXOT-lLBOTEOir ORBIT 


Temt invoMng argtmait i 

V=“' 

. __ XnBin{w(X+f)I— t} ■ XaaiD{n(X— r)I— t| 
^ 8rfK2Xfi+tii) ’ 

V — Xni<»B{«(X+f)I— r} , Xft>»ooBfn(X— f)I— rl 

f»(Xft+rH) (2Xft fii(X»-^)(2XN— m) ’ 

Tavu involving argunmi 0g^ : 

\k=°< V"® 

1 _Xaalz)(2XftI— r) X(,Btnr 

V- flK- — * 

V _ XAW09(flX«I— r) 

^ 

Tomu invoMng orguoieM 0g, l 

_ >«in3r . _ — »«oofi9r 


A 


_1 

■."”18 


XoBln(9XMl— r). 
X'i»' * 


■v _XB)«{D2T«ln(X«iI— r) , 1 vXoOOBCBXnl— r) 

SX^^^ X«»i» 

«• 

Temi involving argnmeni 0^^ : 

V“°’ v~°' 

A — "yAaBlnff>CX+ y)T— t) »AnalTi{»(X«-r)I"Tl 

V rw(Xn+m)(2X»+fir) m{kn -rny(.2Xt»— m) 


X. ~ A„{a, (AB+r»)*)y{»(*+<-)I-T} 
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t, Bisn 


2^911 invcivtug m-gnment 0^ 


Oa.=0, 


X _ -vAoHin(gX«I-T) . 
4.A 6X*h" * 


4*r SZvJTi ‘ * 


^OFe lu ftdditioii oosrsO) in order to ftTOi4 the exiatenoe of I ncotUTing 
expllolfc]; in ] 

(Tsrfiii t'MKilving orgnuuni 


^ «lnflr ^ _ >«oa&r 

‘’i.to— 2J7^ . “4,ta 


1 «. 1 Aai«iii(8X»I— 


Y AaOOB»rooa(X»I-T) Aoain2T(o,.« + 2r>) 

8 X**» 3m«5 


Tanvu >3iniJri!ii|7 argHmwt Og^ i 

\r=°' %r=° 

A _ Xowln{;»(X+r)I~T} _ XoF«in{ti(X-f)I-Tl 

f»CAB+i7»)(2X)»+m) n»(Xft-7i9>(flXn-fn) ' 

X. (^+r»)*lMB{w(X+r)I-T) 


fgnfl~CX«— rti)*}o oaf«fX— fU~r' 
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Tgms imxiivwg argument i 

i _1 X„wln(2XMT-T) ^ 

V"a — * 

■W 4X*«')coii(2AjiT— t) 

-*^6^ 

[here in addition ooarsO, in oitior to iivoid the exiRtenoe of 1 nooumng 
explicitly in 

Termi tMolving atgummi ‘ 

— ysin2r _ --2»'*ooafiT 

\ Bx - ^ K*tt* * 

1 _ Xa»«in(3XnI— t) . 

‘ 

V Xn(2\*«< + i'*>0{M(8 A»I— t) , XnOOB9roo8 (X»I— t) 

'*■8, >A ” 

, Xn(X*»' — ay^lalDBreinCXwI— t) 
dX'«" 

Torme involving prodnotfl |)ow(H' 8 of O’b follow in a Birailar ftahlon. 

If we BniDmariRe the parte Hpooiollj roqnlred wo Ond 

©1^= ®i,JU +”s, EA ®B, BA +“*, lA ®4, BA 

+ '*8, BA ®fl,lA +■" 


=(X'B*-'k-*) + iooedTOj -j^ooe3T0a^aj^ - 




[H] 
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E. BAAtT 


and 

BA + ax ®», 1\ + a\ ®4, lA + % 

r 


_1 Bingr 
4 “XT 


^1, fix 


i*Biiidr ^ winfir ^ ^rinSr 

^5^0a.2x“fi5^, ©4,fiX-2)ii^ '-'O.BA 


[K) 


wherOi na odi^eady itafced 

a,,QaX'A*— 4p* and ooarsO, 

Tb is necoflBaiy to examine the expreeaiona jiut obtained in ' oihIov to 
800 whethcu.* the oomplete integral of the eqnatians [B] boa boon 
obtained. 

The int€£ror X is datennliied bo m mot/ neo*^ to BObiify bho rolntlon 
©..o=A'«»-4,^V 

'wherein eveirjthhig excepting X la known 

The negfA^tl^e volaa of X will alao eadefy the aboTO lelivtion. 

Sinoe aoHT-asO ahrayB, alto^thBr tbero ore /bur diatinot vnlnea of r 

obtainable • i J' i ^ tbeee will give a diatinob vnlno 

of 0 on anl^atiiaiiDg In [E] and diSarenb valnea for A. and X. Bnb 
forbnnaboly^ for our oass c is alweya lero Hoooe eltogeilier wo gob 
/ow diabliiofc eolubloiiB for A Bind X end these when mnltipliod by 
erblbroiy ooiistonte will glye the oomplete pzimitlre of eipifttloiia [B]f 
Ehiob aolabloiiB aa itia oleart will nob contain the oxpononbfal factor. 

Henoe tlie solntiona for p ood ir are periodic fonobiona and nob 
paondo-periodio oa oontsmplated a frimi. 

(A) Tk 6 Po^iimlaT Iniegnl. 

We hare now bo determine the psrtloDlar Integral of oqnatbna [5] 
and [6] of Beotion III We shall aasnme only ono general term on tho 
rij^b-hand aiclo and take the oomplete integral as the enm of a Borlofi of 
bhe OQiToaponding eolohoni. The eqnations may therefore be 'vrrlbton 

oo oc 

p'— W+p S Oi.fOosml+o- 5 0,,piriT»mT=tOi.«e“*"‘ 

fsl 

ee 00 

e^+2Hp'+p S ©i,r^n™l+o' S OtipOoemlsO 
■r=l f=l 
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Auome 

isml . 
pt=6 A, 

im«I _ 

(r=:a 

Whero A and X ora bb bofora fimotione of L 

Snbebitiiting bbeea volaea of p and tr In [B'] no Hud 

oe 

(A'+SinwA'— ♦»*«"A)— ^(X'+*»wX)+A 5 

r=0 

+X S ©,„flmml=*0,,, ... [B'-l] 

ral 

oe 

fcsl 


+XS O,.,co6r»I=0 M. [B'*8] 

rssl 

Put 

A=Aq + SAfii O r(i4'SS^r*iirir OFiiOfn + ’*’i 

X=X„ + 5X,„0,„ + 22T O, 

Id whJob 01,0 ia -wanting Ag, Xq arc oonatoDte. other oooffloienta of 
0*8 el's fuDoUoDB of 1. Substltuto thoae valuoe ol A and X in oquotlons 
[B''l] and [B'*8] and equate to laiv the terms Inyolying no 0 exoapb 
OifO' We have then 


— in'»* A 0 — BnomXo + Ao 0 1 ,0 • IN 

— «*a*Xo+2wmiiAo =0 


[B'-S] 


whoDoe 

Xq tawO, ,■+«?>(©, rt )■ 
UquotlonB [B'*l], [B''2] oan In ful^ written thus 

-«'n'(A, + EA,.. 
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k. BAdD 


-B^{(aX',„0,,. + ...)+iwMt(Xo + SX„.0„.+ )} 

oo 

+(-A^+EA,,,Gr,i + .. )^©,„ooBml 

eo 

+(X«+SX,„0,„+. .)S0,„Binnil=+0,^ [O'-l] 

(SX'„.Q„. + ...)+2«>«{5X’,..0„. + .. ) 

+ ui«(A, + 5A,.,0„.+ ■ • ■)} + (A. + SA,.,0„, + . . •). 

oe oo 

E0*.,«in«»I+(Xa+5X,.,O,,,+ )^0,„o<»fBl=0 [D'-l] 

BqnAbe bhe oofifflolenia of Oi.r to mto i — 

A*, „ „ -m'«'A,„~ 2fXV,-8vin*»X, ,, 

+A,„0,^o + Ao008rnI=0 ... [0'»a] 

X*i,, + 2u>»X\,,-«*w»X|,r+foA'i,,+2«m»A,,r=0 ... [O' B] 

Id the eqaetdona [O' S], [D'-B] Hrat put bbeD 9 “"'"^ fopooefnl. 
Finallj, the oomplete Bolutiozie of them will be obtained by adding np 
and halrliig the reeulte thne found ont. 

On solving ira get 

Ai,r=-iAge"^ 

\ 

+nAoe 

NoTf A„ Involvee 0,^, therefoi'e A,„©,,„ eaolj Inoludea 

©*»«Oi,r M ft feotor Henoe these teniu 1 ^ negligible in oompirleou 
tu Ag and Xg. , 
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Honoo 


ipml 

p=o 




_ mmI V 

crtSfl Xoi 

wlioi'e Ao, Xo ore given above. Now pnfc p=a *' Ao, tr=e ***^ X« 
and wo get bho flame valnofi for Aq and Xe> 

IT . I 

Koxb pnb ^ O,,^ , 

in tbn righUhond mnmbor of bho aocoixl oqnabirvn in [B^,and loro In the 
rlghb-hand member of tlie flrht eqoabion In [S'] We get bho eqnaUona 


2iv'+p S 0i.rOMtiiI+eS 
r=0 fsal 


cp 


c^+flrp'+p 5 G*„flinfal+ff S ©..rooanilc;^ O.^.o 
f=0 v=l 

Praoeeding in bho waj mapped oni as onfe, And 
Ao =5 — mtt©, ^ ( 0 X ,0 “m*»* 4*49'* )] , 


mal 


[B-] 


An boforo all other tenzis in A, X an negllgfbfo, «> wo need noi 
oalonlato them, 7ar the onmpleto aolntion wo ahonld oalonlote the 
oorreepondlng termfl for 


1 — wmT 

wbioli aro Muiilj obtainod from Mioee Involving 

1 meT 


Thiu 

Ao3a— )], 

Xo = -g O|,.(©i,0-»N') + [ll»»*I*(©i,0-^«'«"+^)]< ' 
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t. BASU 


Henoe 


00 

P= S [«i« O I fli’O |,■]ooBwwI +mH[© , ,0 — «*»* + ^•]» 

tHsO 





+«w#[0 1 H» -w'** ' +^»'* 1 


V 

SUMyABT AMD COMOUTSION. 

Ths Msnl'fcfi ai the nboTe kdaIjbIb tdaj bo thns bHelly BornTnarisfid •— 

* The pertui'lsad orbit may be repruanf-ed by 

i^=Kl+p) 

«i)i 4 ’A+(r 

wbeiTo b^radlna of the TinpertiDrbed ofroDlar orbit, 

W^angnlar Talodty of rotation of the outer oleotron, 

uioer 

a=any itrbltary epoch, 

p and cr are elementa of pertnriiBtloii. Tbo aboye analyBin Bhoivn that 
they ore both perlodio fanotlons of The Tnothod ndoptod la 

that due to Goldibrongh who introdaoed a modlflootlon of thO 
proeodnre in tiie theory of lotiar perturbatioiu flnt Initiated by Kill 
Mid developed bie reenlte on the lioee mapped out by WhlUakeri Yonng 
ajid othore. 

In otomlo problemB, the interest does not lie In oalonlotlng tbo oxaot 
poaiUon of the BAtalUte at dlffei'ent tlmea ae In the oase of lunar motion. 
The problem, la to qnanfasb the orbltB and to Qnd out If from mob 
qnantiied orbi ta, the energy oon be ooloolated as a Innotlon of n and it, tbo 
total qaantnitL mimber and the aalmtitb&l qnantipn number reepeotltolyi 
and Lhon to varif|y tbii energy irltb the Bpeoianl terma mp, md eto. 
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Hitherto, the quantisation lioa boeu conlinod to very simple orbits— * 
suoh as olronlar oibits by Botu* and elllptao orbits by Bommoi’feld^ 
Hpeteiu' dlsoasHod the ooso of oibitK sub^ootod to the pertnvbataous due 
to a uniform Ueld and gave an explanation of the Stark effect) but 
Kioholson* Bnds that the method la not mathematioally sound, 

Hioke* hns recently raised an important ob]eotion to Sommarfeld's 
prtnoiple that in all mp and mtl ot'lHte, =fiAand SA respeotlvely, 

Tho above dlaonasion shoive that the handling of the general 
problem ie mnoh diffloult then oan bo imaginod. I have not yet 
enooeeded in quantising perturbed oibita, and therefoiij oannot say how 
far these investigablona will support Sommorfold’s general thoorem. 
This la in the oonme of my Investigation. 

A glanoe at the values of the several oonstante Ar,,|Xr,i.., shows 
that the parrtirbed motion oonstitutes an ensemble of disoivte hamonlo 
oBolllations having dlffai'ent frequencies. So far as the radial perturbed 
element p is oonoenied, it is easy to see, we must have a range qf 
fiibratiom within tho maximum and minimum Under suoh oiixiamBbaD* 
oes, at any lute, we must oxpeot that the perturbed systom will not 
poBsess any shai'ply seiiarated etalionary etaieii Tho oompound motion 
has rigorously a two<fnld peinodio ohai'totor,— one, round tho kernel in a 
closed perlodlo orbit ffir the nnpertnrbod lyatom i>., negleotlng the 
rtMo^/Wd, Iwo, UbratKme—haih laduvl and atimntbal — of the electron 
about the position it would have occupied at any instant for the un- 
perturbed system, duo to the quota of perturbing fci'oes subjeoted to It 
by the ^mattfeld ooloulatod in Beo. Zl. 

So oorroapondlug to a single stationary state in tho unpeFtarbed 
system there exists a multiple of slowly vai’iod staMonary states in the 
perturbed system, jioesassing a pronounood oyole j of course, the resnliant 
frequency of tho group of perturbation osollJaiioDa must be vanishingly 
small as oomparod with the time of revolution of the electron in the 
undisturbed state. But wliother or not the motion is what is toobnloally 
oallod oondltlonally poriodic is dlflleult to judge a priori. 

Bohr hu laid down** that for a transition between two of the states 
con’eepondlng to the pertarbed system a radiation is emitted ** whoeo 
frequency stands In the same relationship to the perlodlo ooureo of the 
variations In the orbit, ea the apeofemm of a simple periodic system does 


' Bommorfdld, 'A^sMbassiMl flptktfsUfsin’, Third od., pp 8SMil. 
< 'PhO. Has.', July, ion. 

■ 'PAo. Hof.*, Aug., len. 

* Theory of ipeotra end Atomlo ooastitetkB, p. 68, 
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K BAST 


I ' 

to its motion in the ntettonw-y -Btatoa ” Any inore,qoantiiation is posalblti 
hy exhibiting 4 neir pliEi49 of fcha i«liabat|0 hypotboBiB (Ifft ppppouuOad 
by Bhronfeit', or wliab 1b BU-iotly o&Uod the piinoiplo of “meobapioal 
tnwiBfarqiabilHiy” of ptatbqaiy frtatefl. In that case, hQwevei', theifi ifi , 
an a priwi probability of getting an almoti identical aenoA foimnla aa 
obtained by Bominep/elil Nevartheles^ it la ondenirablo at this atago 
to try to inoarpoi-ate an apalyaia and poeit a pnnoiple having a featnro 
Romewhat foreign to what, has been aet forth hereto Thia la deferred 
to a fntni’e oocaaion 

J 

* Proa Aend Amitardem, XTl, p. Ml (lOli), PHy Ztltiehr XV. p 667 (1014) 
Aim. d Pkv>. P Sa? (lOia), PhD Ueg XXXI II, p 000 (1017) 

Ball Oal Math. Soo , Vol XIV, No 2 . 


I 
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AiX^KBUA. 07 POLTNOMINAIifi 
Bt 

Naipmndbanato QltOSIt 

Cliaptap II ' , . ' / ) 

ApaMtioHS , 

Ifl Tlie piublem ol oxpuiding a giron expUoit fnDofcion of a 
polynomiAl or a numtier of polynomulii (and their donvaiives) adnlbi of 
Rn ologanb traabmoiib by meatis of bho bliooroniB oaUkbluibod in the 
preoodtng ulinptoi*. Tlio uxpiuuilonH ubboined are oE highly general 
oharactor and oraob may oooai' ^rhoro thoeo oxpaunlonfl fail to bo oonela' 
tout whon numerlnnl y^nee ux) aiibebitutod for the ynriabloe inyolrod. 
Wo ahall nob abtonipfc bo onqniro into tbo yalidiby of enoli expasBioxiB, 
bob on tho obhor hand) asaame Uioeo ooBdltiona bo be existing nnder 
^vbloh tliQ oxpanalonB aro orltiimetioolly Intelligibla 

18 Lob then li\ Art ^ bo oxpaudod in a Bories of nMondlng 

powoin of f of bho form 

■^o + ^i<+Ate*+ ■ ' ' +A,«'+ ’ , 

thon ainoo 


* / ' U 


wo imutb havo 


or 


r 


+ + ") = A«o(Ao + Ai*4-'A,o*+ ' ■ ii I 

' ’ ' ^ / 

A.^ +2A|S+SA|3'*i' ' ' ’ AcoAt*' 4* j if. 
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MaJPHNDEAIATH flllUSIT 


'whenco oompanng ooetHoionbs, 

A 1 ® AiO^OI 
2A|S^aoA|, 


8A| B A ■aA|i 


(r+l)A,+i = A-oAri 


or whem rodaood 

Aj = A«flAa, 

■ 

A ^*0 i 

a 

A,=-^Ao, 


r+l 

A — A«<1 A 

TThero Aq ifl ovidently oqnftl to ^(oq)* 

Thm bj Biioooasivo applioailon of the operator Aio wo havo a moanH 
of oolonlatizig all bho ooeflloieutB in tho ozpanaion of ^(fta). 

14 It oao Ix) infeiTod from tho fblhnnTig typical oalonlationd Uiat 
any ooofflolent Ar (In above) u a linear bomogeneone fnnotion of 

^'(ao)i ^"(aol, "^^**^( 00 ) 00^7' ths ooeffldent of any dorlvatlve 

In A, being a ratioDal and iDtagralfanotion of d^ree t and 
weight r (t'^r) involving Oi, a,, a,, • * 0 ^ o](ily of tho ooeffloiQnia of 
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We hape 


(^A,=oJ^'(ffo) + 2a,^\oo), 

(3 A,=a5(^"(o„) + 8a,ft,4^(no)+fl«»lfr'(ao), 

l4A,=at^''^flJ + :2a!a.4“(«o)+(Wfli+a^»o.)nno) 

+24rt*^'C«o), 

|fi A.=a!^'(fl )+2Oa-a,^"(fl,) + (8Oa!a.+0Ofl,a!)^«(a,) 

+ (lflOOiO* + lfiOo,Oa)0*(Oo) + 18O«i^'(Oo)' 

The ooofHoionUi A'a in fiha oxpaoeton o( oonnootod by 

mdftTUi of the opomfcor A to This la, howsror, uot tho only oonnootiou 
exiatiog among thoso oooflloiQnbt. There aro nfchors and we proooed to 
And thorn 

10. DifToPonbial rolnti'nns among tho ooofQoionta in bho cxpanaion of 
■“ 


Wo liavo 





0 K,_ ^ 

0»« 




And tills holds truo for all Taliioe gi n n a>’ ' 's nf r. 

Qlnoo 4(f*a) Ifl expanded in thg form 

An + A,e+AgB*+ ' +A,»'' 

wo must have by the abovo Identity 


^(Ao+A,f+A,*«+'-')=f' A(Ag + A.f+A,i* + ’")i 

Jflr OOfl 
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HAlPlin>&AKA.TII QUOan 


'wbenoo oomparlng ooeffldento 


8 Aq ^ 8 At _ 8 A, ^ 

8 <»r 8 ar “ 





Bt 


dA, 
5 ^ 0 ' 


o^f 8 t»o ' 

BO OD , ^hei^r maj bare anj of the T^oea q, ^ it* ‘ 

16, These differantlal reladene eimphfy the proooes of opot^on by 
0 apoB the coefflaeDta A'a. Let mb take from Art 18, tho equation 

(f+l)A,+t=A««A,i 

4-1)A,4.i fl] 4&ig j|^ +8a^-^- + + * 4 *m, ')A, 

V 0 0(1 00| 80 g 00|-|/ 

8A, 


1 ^' +Ba, ^ + 8 o, 4 ^ 

dOg Sflj 60 | 

+ ■ (r+l)o,+t * 

= a, +So.,. 5 ^ + 8 ®, 0 ^ 

eao ‘ Sag 8 Of, 


(if r<n) 


+ ■■ (r+l)n,Hu 

Otta 


(by Art 15) 


— ^^(‘‘i^p+2a|A,_,+8o,A,_,+ (r+l)Op+t Ag). 

The aboTO also holds good if f = or >». 

17 / ■ «By meana of identliy in Art 0, wo got further wlatloiiH 
anioog the ooeffloients A’a 
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Slooe 

A70 mnab have 

B'^tA« + A,fl+A.i«+ )=A-,(Ao + A,e+A,i'+ ■ ) 

(Ao + A^i + A,i"+ ), 

01’ ■•(A| +2A,*+8A,** + )=A«i(Ao + A,f+A,f" + ■■) 

+«fl,i'+*^(Att+A,s+A,** + • • ') : (bf Art 16) 
IVheDoo oomparing ooolBoleabi 

AiiAoSsO, 

A<|AjlsO| Aa|Aa^l4*ftfl| 

OSq 

AiaAgsAj, 

AaiAgoSA,, 

A..A.+.+IW. 1^ =C«+2)A ■+1I 

A«,A,=(n— 1)A,-,, , 

and 10 on. 

Thono relattoTM may bo rognrdod m I’eolproonl to thoso In Art 18. 

18. Allied expaoBlonn 

There are obherlallled forma In 'wliloh ^(wg) mny be expanded The 
oalonlafclon of the ooelRoloDta In bheso expansiona may bo mode bo 
^opend on bho fandamontal one In Art 18. The forma of tlioeo allied 
expanaiona aiH) given below — 

( 1 ) ^no+flir)+A',»'+AV+AV+' * 

^CoB+OiB+o,»‘) + A',B*+A'*a* + ’ ■ ' 

(5) +(a„ +air+fl,B* +o,b')+ AV* + ' " 


and BO on. 
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ampKirD&ANi^Tn htiosh 


Let nfl find A\ in the flnt a( these alHod forms Woobuorvo that 
A', mast "be a part of A,. To speoffy that pait wo nofcioo that A', 
-v'nainhea whan 

a,=a|S(i4= 

an that A', in the residue of A, left by rainoyiDg tliot pai’t whioli is Tint 
eqnol to soro when 

a,=0g=a^=- =fl,=0 

Similar i*emark applies tn other albed forms 

10. QxpanHion of a frmotion inTolvJD^ a number of polynninials : — 
Lob ), in Art 7, be expanded in the form 

<A)o + (A),.+(A).e-+(A)..- + - ■, 

tbon bJhoo 

■)=(Aio+A»o + A,B+ * ), 

wo mast havQ 

^{(A).+(A),.+(A).,' + (A).,. + . •} 

= (A.. + A..+ A..' •){(A)n + (A),.+(A>,.-' + (A),s>+ ' (, 

OT CA)i+ S(A),ff+3(A),t" + 

= ( Aoo + Alo + ){(A)o + (A),i+(A),*"+ ■ ■ }. 

Bopi-osonfcmg ilie oorapoaod operator A.o + A»o + Aro • ' by (A)o wnl 
oompfvring the coeffloioats of like powers of e wo hnyo 

(A),=(A),(A)„, 

2(A).=(A)o(A)„ 

«CA).=(A1o(A)., 


0+1)(A),+,=(A)o<A),, 
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01* wliou rodiiuod 


(A),=(A)«(A)o. 

(A),= (A)o, 


t A V** 

(A)r+i= (A)o, 

Tvlioro (A)o ifl evidenbly oqoal bo <k(<^6*KtOnt' ‘ )• 

Thna hy AnoooaBlvo appUoablou of bho oporabor (A)o wo liave a 
mccmnuf otdotLlablng cdl bho ooofllQlonbe in bho expansion of 

20. DifTopoubial ralabiuiiM Among bbo ooelHoicmbs ni i>ho oxpanBiou of 

Wo havo 




_ r • ■ •) r 0 _L/ \ 

iiiul bills lioldf) biiLu ful' all valneo oi i> ■* a ’ ’ ^ SimlloFly 

A a 

'whloh hoUlB bmo lor all ytUdor o» i» of i 

R a 

vrhloh holdii bi'ao foi* all Tolaea ^ i xi t» ■ ” ' 1 of p ; and bo ou, 



iiktt)iiil)aANAT!i Qlioatl 


1-1^ 

BefoniDg to Arb Ifi, tlio diileroDbml robtions among blio oooQloionbi 
(A) p may be obtained with regard to oeoh of tho Torlablae a'e, b's, o'e 
from the identities abora 

By means nf bhasa difEarentml rolationi^ (r+l)(A)p^i may bo 
ozproBsed in the form 

1 K(A), + au.(A),..+afl.(A.),..+ +(r+l)a,+,(A),} 

0®d 

+ ^[!'.(A),+ai-.(AV-.+ai.(A),_,+ +(r+l)!.,+.(A),l 

” * 

+ ^ {fll(A)r+^l(A)p_i+3fl,^A),_,+ +(»*+l)0r + l(A)„} 

+ 

fil When the rolatire magnitndos of ^ ^ H ' are given lb in 
.possible to obtain, by means of ut 8, fnrthor i!elatlons among the 
ooefBdenta (A)*b by proceeding exaetly in the M»nR way os in Arb 17 
There Is a eeb of allied forms In wbiob ..) may 

orpaadod, Tho ooeflknenta in oaah of these allied expannlone may 
dsdnoed from those in tho fondamental one. 

22 Erpanfiion of a fnnoblon luvolYlng a polynoollid and its 
deriyatlyoa • — 

Lot 

in Art 9, bo oxpandOd in the form 

io+Ai*+A|»*+ t 

than Binoe 

wo mnab have 

I , I 

= A.o(iD+Al* + i.*'+ 


r g* 
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or ii+2i,»+3A, »• + ... 

whoDoe oompai’iog ooofiloieiitfl, 

ii ® A«o^a» 

— Aaoi-i» 

32 1 = A a e^a • 

and so on, wliaro Ag ib OTidently oqn^ to 

\n,). 


The ooeffloloota A'e ai^e oonneofced only by Aao> 7^^ 

been poaeible to find other ooniieotlons eilatlng atiu>Dg them. 

flS, BxpaoflioD of a tranefoimed polynomial 

Let»a(fOi ti'aucifonned polynomial of »a(f)) in art 11, bo 
expanded In a aenaa of oBaonding povrors of ^ of the form 

u,+o,<+e,<“+ • •, 


then since 


we must hare 

=aAao(<tfl+®l* + »l**+ ' ")| 
or Qj +3a,<* +8<i|t* + • " 

B3^(0 A i a(“fl + + * ” ) 

= Aao^(0{‘>^ + *l*+®«*" + '")‘ 

being known fixiin the giTen twmsformati on § ss^(^) (It is usual to 
restrlot f(0 to rational integral ftinotlons alone) we oan oipross tho 
right-bond side of tho abore identity In a soriee of asoending powers of 
li Now oomparlng DoofRolents of like powers of f the ooofflolents a's 
moy be obtained, og is evidently equal to Ug(ifK))> 
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NAimHDBANi.Tll GnOfiA 


If be a ratioQiJ end fanotion of Xib d(fp:«6 Jn /, the 

truiBfamiattiOD la one of the Ir*tb oi'dar If, moreovcn', ^(0)=0, tho 
tranafoimabion is celled a eimplo tEUBforniabon of tlie itth ardei* 

A faiiclium of tho ti’ansfoi'med polynonuol may Bnnilarly bo expanded 

94 Folyiiomiala of dogroo indnite t — 

When the degroo » of the polynomial Og incFeasoe without limit it 
becomes tlio polynomial Og of d^roe infinite For finite numerical 
Talnea of tho Tanablos anoh a polynomial may haye an infinite ynlne 
and the polynomial u said to be divergent (for ihoeo valoee of the 
vanables) Otherwise the polynonual la snid to be oonvergent. 

Wo may oxteud (with nooesaary oliangos) tlie theorems of tho last 
eliapter and those of tho present one to inolndo polynomials of dogroe 
infinite provided Initially they am oonyeigent. 

Bull Oal. Math. Soo., 7ol XI7. No. 3 
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On THB UOTION 0 ? a tisootts liquid dbtwbbk two 

NON-OONGCNTRIO dEOUIiAIl OTLINDNUB. 


By 

SUBODTT ClfAKD&A MltlUj 
Daoea UHtveTtU]f> 


IlfTftQDUOnON. 

1, Ab friT aa I know, bhe problain of tronaliLtiion of two non-oonoenb.’lo 
inflnito oiinmlar ojltndon in a viBoooa liqntil boa nob bean InvoiiHgiited 
by any wrltoi’i fcliongb a BolatJon of bho aoalogoiiB probltm of rotuHon 
of two oiranlor oylindora (n n. vlaOoiia liquid Ima boon girsu in a rooent 
iaano ' of the ProoeodiogB of bho Eoyol Sooioby, by Dr Q-. B. Zoftsey, 

In the proBont papoi’, I have diBoiusod tbo probbm of tnmalotioni of 
two poraHol Inilnlto dronlar oyllndore in a vlBOoua liqnld, »Tho Bolnbion 
IB dilEorenb in form aooordlng os one oylindoi' does or does not onoloeo 
the other. In tlio former ooso bho problom oon bo Bolred in (Inito topms 
and wo aboil gob the oiuTonb fnnotion. of bho " initial motion " ; wUIo 
in bho Inbtor ooso bho prolilom u in genoral inaolnblej tliot is bo say, 
eioopt In spooial ofronmsbanoeflt “ihore is no atoody motion wbiob 
HOtiafloB oil bhe neooesnry oonditioi^” 


2 Lot 
Then 


Tna OoRSBKT-l'UlfCTIOX. 

«+Vyt=otftni{f+t7) 

^ «— Binhi? 

ooBlii}+oaif * ^ ooehTj+ooef 




t= fl" • (ooeh + OOB^ ) • . 

> Tk» fMttiion OireHUtr OiUnden i« s Fiaowi Jihid, Froo. Roy. BoOu Tol. 
A. |01, No. A. TOO, (1028) \Km 
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R. 0, inriA 


Rnd 

r * • (ooa1ii;->ooaf )/(GO«h7} + caa^) 

Tlie oDiTeuUfanotioii BabiRfleti ilia uqaiilioii 

To find ft BolntioD, lei> ns wnta 

^=H, Binf+H, fiin{/(oos1ii}+co«f) 

i 

r* VV="i'* H,)(ooah^-f-ooB£)* +H, "(ooBhif+cosf) 

—AH,* Binh^} 

OpowHiig on by whioh NbunlR for ^',i 

oc* 

a«^■VV=■in^{(H^"-H, "XooBhi^+oosf)«+4(H»'"-H/)Bm^x 

(oosh^+QOif) +(H, ' H,)^2 cosh 2ij4>8 co«h dor (ooabi}+c<^* 

—8 (oosbij+oostf) oo«^-|-2(,l— co 8 *^)^+H,'*(cM«hi 7 +ooaf)— 4H," orwf 
— 4H, * 'oobIi^} 

; Equating to lepo fclio ooeflloiento of tlio BeramJ poTTorB nf eon (, "we 
nbtnln the follo'vWng oqnatioiiR 

H, "-10H,"+9H,=0 (1) 

2(H/ '-H, * ')0Mm-4(H/ * '-H/) ainhi^-OCH/ '-H,) ooflli i; 

+ H/'-4H/'=0 ... (2) 

(Hi' '—Hi") caBli*ij+4{H," *— H,') noh ooah ^ 

+8(H," — H,) 0 Qith*^+H,'’ coah 4H," ooah i;=0 ... (8) 

Tbe third equation ifl not Indopendont bnt follows (llrootly from llie 
first two. 

Solrlng we get 

Hi = (A ooah 8^+B slnh 8^ + 0 ooBb ^+D sinh rf) 

H|=:(— -J- A ooeh 4^—^ B aiiih 4^+S ooeh Bi^+P einli S^+Qij+H) 
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^heLfiforG the atroam-fanchoi) oeii bo mitten m t])Q form 
i^=(A cosh 8i;+B Binli 8ij>|-0 coeb Binli i;) bid $ 

+ ^ 4tf;+l!l oosK 3^+K elnli 27 -J-Gi;+H ^ 


X 


sin ^ 

(coah ^+coa^) 


Let tlie tnro ojllndera Im deflttotlbj oonetant ralnen ot s«j -qBa, 
il=P We inAj' take a pontile niicl greater than /9| tbon ^ will be 
poflitiye or negative aeoording as tlie flret oyllndoi* (lose or (loos not 
enclose the second. 

Let the onter oylindoi' be moved irith velooity V, and the inner one 
with Telooity Vg pnmllel to the ana of Y, 

If wo write 


«=_ e^, 

0y 0» 


then since at the snrfnoo of the oylindor 

t(=0,r=V„ 


the boondaiy oonditinns Iwoomoi whoii t^sa 


■H 


ooa^ . 

(a»h a+ens (coah 


Bin'f > 

o+cofl j 


^ — -Vfli wn g einh n 7 
Qij ' t (oosli a-hWMJ $)' ) 


and when i;aj8 




oon 4 


sin*^ 


(onsh ^+cps (coflh /&+cos 


111- - i 

+ COB^)* J 


00 
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B, a UTTUA 


But 'when wo get fi’om the expreselon for (he Btroftm fnnotlon 


cosh Ua+B einh 3o+0 ooeh a+D einh a}aos ( 

+ ^ 4a+H oosh 2a+F ainh Sa+Oti+H j 

X ( ^ oo a g ] 

l(coHha+ooa ^)*~(ooah a+one f) J 

={3 A flinh Stt'f n ooali 3a+0 smli a+D ooah a} aln i 


+ 2 A Hinh 4a— 2B cash 4a+2K amli 2a+2F coah 2a+G} 

X ^ u.*"— — ( —“A «wh -k— i-B alnh 4tt+H ooali 2a 

(ooah «+coB 0 ® ^ 

+ F,.nh2.+Oa+H]^£^il^. ,. W 

From (a) nncl (5) we get the CoUnwIng eqnALiona 

A ooali 8o+B ainh. 9a+0 oosh o+I) (rinh a=0 ... (4) 

— -^A coah 4a— ainh 4n+E ooeh 2a+K slnh Ba 

+ Chi+H=ViO III (B) 

flA alnh Sa+SB nosh Sa+0 alnh a+B ooah a=0 , , (0) 

— &A adnh 4a— 2D cosh 4a+SB alnh 2a+2F oosh Ba+GnO (7) 

together with fonr pwieely aimilar oqnsbioiis obtained froiii these by 
writing and V, for a and 
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Solruigt we bBTB, 

A=D=0=I)=0. 

(Vi"-V|)o (^b 2a— om T i 2ff) 

3 (o— nob 8(a— j8) + l— ooAS(a— 

PslXiZlXl}? (ainb 3)8— ainli Bg) 

B (o— /S) aiub 2(a--^) + l— ooali S(o— /9; 

H=- ( ooeh 2 (tt-j9 )+4ofjgV, 

I 3(o--/S)^inh a(a—/9)+4— 4 ooah 2(a— j8) 

— aVi) amh B{a— j 9) 

Sabffiltnfcbig tho Tolaoe of tbo oosatuita \re ciui obtain tbo Btream* 
fonobloD. 


Tab Pskbsurr 

8. We know ibat And p aro ooiijugikto {nnotions. 
Now 


o« V V= 8 l!] (Bln a( cosb sin f ooah i}) 

+ BF (flin ainb 2 i 7+2 sin i Blub v)-BO aln f aJnh 17 
Therefore 


(«w stub B^+2 DOB i fllnJ) 


+SP ( 00 s oosb 217+3 00 a f oosb ^)— 2G oob f ooeb i 7 )+oomUDt, 
Tun EuBinAHOi. 

4. Tile formnln for tho eloogatdou of the Bheai* wb 



(Ibbeteou, SUuUoU^.) 



d. u. 


itjd 

Babstitutlug, we get 

fls=/=o. 

When 

Y=e~'(ooflh a+oos coeh. 2a*f<liF aiuli fia) ein i 

and when 

YS(r*(coiih j9+oofl f j(iB! coeh unh 2j8) am £ 

The reaiBUmoe doting on the ontoi’ oylinder la given by 



wbei-e n=/iy, and the integmtlou ie token rannd the oirole. 

B,=^{2(E Binh 4a+F ooah 4a)-4(E ainh 2a 

6 

+F ooeli 2a)+flir+&G(ooeh 2a+l)} 

— 4ra/V —V 1 aloh 9 (g— ff) 

-«r/KVi riiih 2(<i-y3;+l-oo8h a(a*/9;} 

Sinulaiiy the reeisUuKM aoting on the inner c^Undor is givou'by 

The foimalo for the reeletanoos Bj and B, t^e very simple forms 
when we put a=0 and Yi^O 

We then have the eolntloii for a oyllnder loovlng in a viBoons liquid 
boouded by an infinite rigid plane. 

R _ 4ir>tV , ainh 
‘ {$ rinh^+l— otah^} 

Motion rmLLsii to tsb axis ov e, 

6. Frooeeding in an ezaotly eitnilar wej as in the former oaie the 
expressbn br thp stream fnnoMon is gi*^ by 

f=(A ooah 2^+B eliih St;+0^) 

+ |— .^A ooah 8^— -^B ainh Stj+E ooeli i}+F ainh 1 } 

+G^ cosh ii+H^ sluh /(ooah i}+oob () 
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the absolute oonataut bemg omitted os It oontributes nothing to 
YBlooii^. 

An expression mmilftr to this wus obtained bj Jeffery in the paper 
cited in a different method, but the boundary oonditiou bang different 
tho solution will bo entirely different. 

Let ns Bupposo that the outer oyllnder Is moved with Telodtj 
and Inner oylinda* with velooity U, parallel to the axis of s 

The boundary oonditloiu M's, when i^=a 

0 ^ 

Oe ' (oosh a+ooe Cy 

0^ o— U e ^ ® — wnh" s 

B"i; ‘ I (oosh a-j-ooe $) (oosli a+oos j)' 

together with two amilar oonditums tor the other oyUnder whero /9 and 
Ui are written for a xuid TJ|. But from the oxpreaaion for the stream- 
funotion we get, when 

gA oosh 3a— sliih Sa+K oosh a+F oinb a 




+Cia cosh a+Ha sink a | _ — 

) (oosh a+ooB c)' 
=(2A Biuh £a>f SB ooeh SSa+0) 

+ I ^ A slnh 3a— -gB oosh 3a+B ainh b+ F oosh 


+ 0* (oosh a+a siuh a)+E (sinh a4 a ooeh 


a) I yCooflh a+oos 



~ A ooah 3a— 

JO 


1 


B sinh 8a+B ooah a+F cnh a 


+ ^ ooah a+Ha sinh a| , — slnh a 

J (oosh a+ooe ()* 
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H. 0» UIT&A 


boonduy oandiUoiiB gira tha eqaAtioiu 
~ gA oofih 3a— -^B dob 8d+3S ooeh'a+lP dnh a 

4 Qb ooflli a+Ha abb a=— tr^o sinli a .. ( 8 ) 

2A ainb Sa+ BB both 2a+ 0 e=0 ... (9) 

— smb 8 a— ooali Ra+B Hinh a+F ooab a 

4 (l(a sinh a fooBha) 4 H(a ooah a+emb a)s— tJ^o ooeb a ( 10 ) 

togettier Triib fchroe dmllAT equAtlcms oorrasponding fco the lunar 
oylinder. 

Wa hun tihna alx aqiiAdona bat seTen unknown i^nADtitlea. But we 
know 'that la a aingle-vklaed fanotioQ. It Wlowa therefore, that tlha 
V^lMitiea hnd ociiiMC[aautl]r tiie preaaure la a alngle>valued fnnotlon. 
We oan oaloiilafce p, the presaure, hj noting lliat andp are 

conjugate funotiooi. In tliia waj we And that p oontaina the many- 
Tclued term 8 Q^, ao that we muct have 

Q=0 ... (11) 

Now 

e*V*f=A{l+4i ooah i^ooa ^+8 ooah 9^ eoa &f} 

+B{2 ainh 2i} ooi 2£+4 ainhif ooe (}+ 8 E'OOBh 17 ooa f 
+BB4SE 


Thaiwfore 

pB-^[A(S slnh2,7 sin Sf+i aluh dn f } 

+B{2 ooflh 8^ fin Sf44 ooah if ein f) + &H alnh ^ am £j 

and 

y=30"*{L(a) (ooah a+ooa f)+Uie aanh a ooah a 
+ U 1 O alnh a 00a f+4 (A'ooah 2a+B Binh Sa)(oodi a+ooa f)'} 
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The nslatanoe B, can he oaLjoIated from the e^reesion 

where the integration ^e taken round the olrole 

L(a) in the ezpreenon for y a^de for the qo&ntitj]^ 

— ^(A ooeh Sa+B linh Sa)+Sl oosh a+V dnh a 
+ H (S ouh a+ a alnh a) 

E, = — <K>Bh a+TT^e ilnh a ooeh a-h^ (A ooeh 9a+B slnh Sa) 

+4 slnh a (A einh 8e-tB ooeh Sa)r-^ slnh^a} 

«-■*(? H. after slmpUfloBtloX]. 

c 

=4^F(n,— u,)x 

(ooih 2tt+aoBh9ff— 4i +4 oosh (fla— 2 ff)-" 00 ih (8o— ooah(4a— 

^ [(^-o){oMh <4o— fl^)+qq8h (Sla— 4^)— 4 owMSIttTn^)^;^ 

—ooeh Sa— ooeh 2^} + {Bdnh (4o— 8^3)— alnh (4o— 4^)+2 slnhflCa— j9) 

-8 slnh 2a+8 sbh S^ + elnh (Ba-4/9)}] 

Similarly tho force noting on the other 07 llndeF is found to be 

• 0 

When a=0, UiC=0 

11 .=^. 

e Tory elmple ox|iroBBioTi, 


B, 0. inru 


lea 

Tununoi of ttto otlivdibb m as isnsm tibooub liquid 

6, In moll a oasa, tho relodtj of the liquid doea not ranieh at 
(To Ulufltnte this point let ua oongider the motion parallel to 
the axle of y. The orthogonal oomponenta of relomtj are 

-A-lt-Md a|^ 

Of 

At indniiy i}=0, fssw 

and 

Henoe the motion being finite at infiniiy ii Inoonaletent Tvith the 
general mpposiHon that the llqnld ie at raib at Infinity. Hence the 
motion ie Impoanble 

"We ehonld hardlj wonder a* thla result. For Btokea hae pointed 
out that the motion at a tIbooub liquid due to the tranalatlon of a 
droular oylindar never attains to a stoadj state, and our preeant 
problem Is ■IwitlM to that of Stokas 

Btai, Oah Hath Boa, Vol XIV, No. a 
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Tsanbtbrbi Yibbatiokb op k Thin Botatino Bod 
AND OP A Botatino OinouLAn Bjno. 


By 

jTOTIftUATA GiIOSIT, 

DnoM UittwrHiy> 

L iKTRODUOIOTff. 

I 'When a body robatoa aboai an bxIb Trith oouBtAiii uagnlat 
veloolty and la In ralatira eqaUlhrlom, ereoy point of tha body may be 
oonsldarod aa being oobad on by a foroo vhiob Tarlea aa tho distanoe of 
the point from the axla of rotation, Tbo dlaouBalon of the yibrationa 
of oloatto aobda anted on by rrooh body^forooa generally InvolTea 
eqxLaJ;ionB which oannot bo solved In flmta terms or In oay oonvorgenb 
Infinite aaries. It la probably duo to thla oanae that very fow problems 
relating to tho vibrotlon of rotating bodiee have blthorto boon solved^ 
Bat on Indirect method haa often boon applied In such oaaea to obtain 
the frequendea of vibi’ations wbldh are very approximata for all 
praofcioal pnrpoBaa. This approximate method Is duo to Lord Bnyleigh 
and one vary intoreBtlng problem has been dealt with by Prof Lamb 
and Ifr, B. Y. Southwell, ' Thi^ have investigated the transvarso 
Tihrationa of a thin homogeneoua oiroular dlso rotating about Its axis 
with oonstant angolu* volodty, Th^ obeoiwe that " tho problem has 
a praotlaal boaring, aa throwing light on tbe oooosional failure of 
tuibine diaos,” wlilali is most probably due to the transveiwe vlbratione 
of those discs, oansing tho blades which aro fitted to them, to como 
in oontoot with tho adjacent parUof the maohine* This problem of 
the lamlner wheel suggoetfi the oue of a whoel with straight spolrefl 
and a dronlar rim, which is by no moons a less common thing in 
meohanioal oontrlvanoos. 

^ "VltsitioTiB of a BpluDfag Din Boy. Boo , London, Bon A, Tol, 00 

(1011), pp STS-BSa 

" On tho Proa Ti<Biisreno VnaetiooB of Unlfom Olronler Disc olampod tl its 
oeotro I nnd on tho Bfleots of Botatioo ” — B, T Bonthwoll, Froo. Roy. Boa, Lon^, 
Bv. Toh 101 (lOtl), Pi>. IBB 168. 
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9. It 1b olear tliai the disonaelon of the problem aafcimlly retolyee 
Into two dliHnot parts, mi., (1) the Wbiutloita of the etosight Bpolcae, 
and (9) the Tlbrotions of the olroaler rim. Both the Bpolcee and the 
nm wUl be eeanmed to hsye email orofli-Beationa, bo that the aSeo^ 
of what la known as * rotatorj inertia * will bo negligible. A spoke can 
Tibrate tronevaPBally In two wayi, either In the plane of the wheel of 
in a piano perpoqdloidai* to It. The zQathematui^ Bolntlon ia Identical 
In the ftwo oaaefl. The lim maj also vibrate In the same two ways \ 
hut the equations of motion are different, though it la known that the 
treqaenoiea of ihe grayeafe modea of free vibration an veiy nearly the 
aame ^ When the flpokae and the rim are taken ea forming one body, 
the Bolntdona become very oomplioated on aooonnt of the polntn of 
junction. In the work of the present paper, they are oonsldered as 
aeporate bodies ttid independent solntionB bave been obtained for a 
thin rotating rod and a rotating oimnl^ rmg 

n. Thtv Boumra Rod. 

3, Snppoee that a rod (A3) of length a la rqtSitiDg about A wltb 
oonatanb angular vdoolty to. Slnoe the rod la thin, we asBum^ the 
ftresB-'Byatem to oonelat of a longitudinal tsnaloTi (T.) only If A bo 
inkm ae origin and thf axle pf a along AB, we have 

+ f «'«= rO , 

whenoe 

T.=*pv'>(A-»«} 

4. Oeae A. Lot tbs end 3 be free, so that wb^ aap and 

we have 

T.cbWC®*-**) ... (1) 

Peep 3 Jiet a mosa Vk (maaa pf the Hm)/(npinb«p of pokes)] 
be ettfwbed to B> so iha^ when «=?», we beye 

T,=««'o. 

Hanoe, in this case 

T.=W ^ («) 

* Biylelgh ITbeory of Bound, YtA I, Art. 198 a, BlafUoItyj Oh^ 

ATt.»8, 
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6. Both the farma (1) and (2) may be Inoladed Iti the forbiola 
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( 8 ) 


irhere 


o*=a‘ 



aooordlng ea the end B la free oi* oarrlea a maaa m. 

When 6) is Tory large and the flex'Qral foroea ere negligible compared 
>rith the longlbodifial bentiou, the equation of ti'oiiarerse vlbratitm le 


padx 


8*fl_ 

5*' 




a 



where a ia the oroai-aeotion, and V| Ihe lateral dlaplooement of an 
element of the bar at a dlatanoe a from the origin* 
finbatitating from (8) the valae of T«i wo hare 



6 

F# 


[(O-—) f:] 


Aaanining the eolation 

vc3/(a) oofl 

we hare 

(o«_«.)|^_aj +6'/=0, (4) 

When 

6-=^* 

«* 

To boItb this, it will be oonVenlsiit to aavume a aeriee in aaooDdlng 

powera of * a qnantUy wbiob la neTor greater bhan onitj, Iiet na 
c 

asnme 

/(e)=Ao + A.5+A,l(-*y + .M+Afc(i) + 


(fl) 
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Suhflfcltating this In (4), we get 



,+ *A..*-‘+ ]+!.•[ ..+ ^‘»‘ + ...]=0 


Bqaatiiig the ooeffloiautfl ol a* to mtoi we have 

(t+a)Cfc+i)A*+.=lKfe+i)-^'}A-*. 

Oaloalatmg the ooefUoieiita at (0) by ttia foi-mnl*, we obtain 

/((B)=AoSo(«)+AiSj(a), 

where Aq and A^ are oonetanta and So (.a) and S, (■) stand for the 
following senes . 


8o(-)=l 



, 6«(8 2-6«V a V 

* — a — U J 


i»(aa-t»|(i),4-ii» ) I' « y 


The Qomplete solution is therefore 

■=[AoBo(j) + A|Bx(»)] oo8(p,*+f) ... (7) 

0 We have assumed the end A (»/» asaO) to be fixed, so that wo 
must have b= 0 when «=0. This ehews that we must pnbAo=0, 
and the appropriate solution is 

B=AiSi(a) 008 (pxt+s) ... (8) 

The series Bj (») Is oonvai’gent when *<o but it is divergent wheb 
0 se or when *>«. We have now to distinguish between tho two 
oases indicated in Alt. 4 above. 

In oose A., wo have ■=:o(=o) at the edge, the series 8 ^ (a) le 
divergent and tlie solution is meaJiinglsss unless the surlos oousista 



VIDHATIONB Olr A BOtilTINa BOD 


leb 


of ft finite number of tonne. Henoo wo aoo from the form of (•) 
that, in order that tho aenea may terminate, &* mnat be of the form 
Sn(2A-~l), where o la any poBlbivo integer. We therofore have 

B*=2«(2«-l) 

or by (B), 

... (9) 

ft being any poaitive Integer 

In oaae B., we haTO (from Art. 6) 

“•=“(“+ 7 ) 


and « ia alwaya leaa than o. Tlio aerloa («) ia tltereforo alwaya 
ooDTergenb. Tlio oondltion of tho ond aE=a, may be ozpreaaed by 



•o*i» 


l-’l 

O a J 


Snbflbltablng for o, thui Iiooouiqh 




6'Bi(a)-??B/(o)=0 ... (10) 

e 


which ia on oqnallon in pi*, 

7. Wlien, on tho othor hand, the Inilnenoo of rotation ia amall 
oomparod with tlio Aoxnitil furoofi, wo know Umt, tho rotatory Inertia 
of the orofla-BOotion of the rod boing noglsotod, tho ocpiation of mohon ia 


e 


0 


d0* 


where h la the nidlua of gyration of tlie uroeB'Bootlon about a diameter 
perpeudionlai’ to tho piano of vibratbn If p% bo tho froquonoy, it la 
given by 




(11) 


whero iw ia gtren, in tho caae of a freo-froo bar, by ooahwooa «=1. 
and in tho oaae of a olunped-froe bar, by ooaUwooe ms— 1. 



^OTIRUAYA SHOffA 


l€d 


8. 'Wben botli tbe flezm’al nnd fclis oantrlfiig&l forooe are taken into 
noOGunt, the equation of motion beoomaa 



_0 

e« 


[ 




9o 



d^o 

8** 


If we amniue 

es=/(») cos (pf+«) 

wo have 


2Bj‘ 

•V 



If a Benee nnalogoiu to (fl) be BQhatitnted in this eqnatioDi the 
relation between the anoeeuire ooeffioiente ooneiata of three tarma 
(e^., Ai) bo that a general solntion m finite terms or in a 

oonTBrgenfa infinite seiiee Is not eaailj obtainable 

We niay, bowerer, obtain approximate eolations by a method ^ 
by Bayleigh * According to this method, we may assume 
a giTen form for the displacement e, oalonlate the kinetio energy and 
eqaate this to the sum of the potential energies doo to the angolar 
motion and the flarojral forces ooneidered separately. The oqnotlon 
tbos obtouied yields the traqaency of Tibiutum 

We pixmeed to apply tbu method to the case A of Art 4 Tho 
potential energy Y of the aenfcnfagal forces Is giyen by 



whsro asarosa-Beotion of the rod and 




The potontlal energy of the (laxaral foroes u gpyan by 



Tho kmetio energy is given by 

T=!pJ( I-; Vodp. 


* Ihfi mobbod lioi ilio boon edqitod by Prof. lAmb end Ur. B. T Bonthwoll in 
(bo papaei cited. 

■ ^oory of Semnd, ToL I| Ohap, IT, Aria S8 U eq. 
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Let T18 Msnme the form 


«=/(«) OOfl (jrf + i). 


Then 


•fda)-”" 


V'=iBfc*al 




and 


'“'j 




H V /, V*/ and T/ denote the moan vnlnofl ol V and Y', and the 
oxprBBsion 


'"1 


reepootiyelj, wo haye 


ip® I/* 8^* 


..=Yi+y:/ 




(IB) 


The oloBOr tlio osenmed fonotlon /(«) ofpocn with tlie ootnol form 
of tho yibratiug bar, tlio moi'o will tiio ynloo oij)* apprnooli 

(Y/+V'/)/T/. 

Uoreoyei'i the frotj^nanoy romnlns Btabonary for amoll doyiationB from 
iho aotnal type. Henooi If Pi and p, be the two vnlnoe of tlie fro- 
qnenoy, obtained from the equation (0) or (10) and (11) raapootlToly, 
we hayo ^ yery approximately 


and 


Pi'= 

p'=Pi‘+Pii* 


(18) 



168 


rrOTIRICATi. OHOBE 


9, ABanmfi ta ui example that 

/(.)=A.(i+»(-S)‘] ... (li) 

where fn la a variable peramefcor whose viJne le to be detormined from 
the faot that the valae of the p<n.iod glvee eijiiatloD (12) ehoald be 
a minlmiim.' Let na now oaloolate the values of V/, V'/andT/, 
Blnoe the mean valnee of 

ooa*(jrf+fl) or 8m‘(p<+f) lei^wefind 

a 

V,=*p«*aA.^(o«-a-) + ‘d, 

'o 

a 

0 

•f ( Dm ‘ — Bin)a * s* -- 9fn * e ■ } dm 

a 

0 


„8Hfc'oA, , 
= ' =— ‘m* 


0 


='^ (l»»*+«»+86) 


^ Soo lemarki tpr Uf, 
PlM^" 


B, V. Bonthwell In tbo pepw " TUnatou of a Bplaoing 



yibeatiohb ot a. botattrs bod 
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Afl % pftrfcW verifloation of the above rogultB, let ob moke n=8 In 
equation (0), bo that 

The oarreepondlng value of &■ is iB# tlie BenoflSi(B) terminates at 
the second term and 


BO that 


AS — 

Substituting this rtJue of a in the expreaslous foo? and T/ found 
above, wo see that 


V 



00 


end 

BO that 

which is the same na that obtalnod from equation (9) by putting aaih 
To return to our general case, we hnva 


V,+T',= (!|7«* + 4ai.+8B)+®^»' 


and 


.£^(a7m*+4B«+3e)+”^“ «• 

p> ea ■ ’ - — I , ■ 


^(18»*+42m+8B) 
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.If for'brvrity', wa J)nt 


A=tW«*o+ 


SBib* 


0=T*jp<iJ*a 

A'=T*ipo, B'=Tie/»o, 


0'=T>*paJ 


Tre geb 

'i *a*_ Aift*+Bin+0 

^ 'A’w'+fi'm+O' 


(IB) 


Wa liate 11017 to find m In ordar thai> tiie Tftlnea of bo 

Btationary The aoTToapandlng Tolnea of m ue giyen by 

(AB'-A'3)«* -BCAO'-A'O)m+BO'-BCy=0 ... (16) 

and bba Talnea of by 

(A'O'-iB'- )j»* -(0'A+ A»0 

+A0-iB“=0 11 ) 

The ^noa of ih and may be oabmlfiied when the values of the 
oonatazitB (IB) aro Iraowrii and the trne valne of the freqnenoy will be 
obtoinedi If the manmed form (14) le appropriate. 


IH. BoTATisa OiBCULAs Bnro. 

10 We aaBonie that a oironlor ring of radlne a ooid Tm^n oroa* 
eaction, mtating In ite plane with oonetaot mignln-p velooily w, le vlbnt* 
lug iranevereallyi the duplaoementa being parpendionlaF to the plane 
of the ring. If p, and be the valoee of the freqnanoy In the two 
extreme oases, erff., (1) when the flernz^ forces are negligible and (2) 
when the sngnlar motUm is negligible, aooordmg to onr obearva- 
tions in Art. 8, we have vary approximately 




It is known' that, when tho rotatory InaitloTs noglebtad, the value 
of p, * la given by 


Pi 


=: a*(»*— «1)* 

ima* »•+!+» 


(18) 


where 0 is the mdlna of the obose-seotion, m the moss per unit length 
and « is any iniegar. 


‘ Imtd, BltfUoity, Art. t90 (b) or ICtohel], Uefstcger of UetheiMUae, XIX, 1B8Q 
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m 


We proceed to find p|» 

11. TakiDg the centre of the ring as origin and (a, $) the poW? 
oo^irdinatm of any point on the dronoiferenoe, we liave, OMunung the 
atreas-ayBtoni to oonslflt of a longitudinal tension only, 

1 ^ 

— ^d$-^p(i*a=0, 


whephe 

Tho Sqaatbn of motion is aooordlngl^ 


/»<4^=-|g[ 


d<' 


de 


aT. ^]dff 


or 


67^ P* 


(19) 


(BO) 


The solution of this equation Is 

V=A OOB(/iC+^) 008 (pi# + «) 

where 

^ •* 

(i) If the point fl=0 of tho nng is relatively fliod, we have 

eln ooB (Pi^+O* 

Bmoe, in this oaao, t)=0 wW i bedng any integer* wo have 

sin S^bsD, 


■0 that B/t=— , ft Mid • “7 integore end 
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(*•■) If inro dumotarlaally opposite points, tfsO and d=ir, are fixed, 
we must LaTo 


BO that 


■in fir=0 


and 


any Int^er, 


p, =#u> 

(ii^ If tha ends of a qaadraut, 0=0 and 0=-^i are fixed, we 
hOTe 

Bin^=0 

and 

Pi =2^9, 

where a is any integer. 

(^e) OaMToUff, If the ends of the aro, 0=0 and 0=^, are fixed, 
then 

sin u^=0 

whenoo 

p,=^»w, 

a being any Integer 

The Bolntion (18) for p, refers to a oomplete ring. Henae the 
oorrespondlng solution fior pi may be taken from (92), and the panod, 
when both the angular Telocity and the flexorsl toioee ure token into 
aoooont, will then be glren by the equation 

p*=Pi’+P,V 

The resnlte m (li), (ill), (it) give veay timple relatione between the 
angnlar yelodtlea and periods of free tnnererBe Tibratione of 
flexible rotating area of any angle olamped at the exti'emitiea. 

Bull. Oal. Uath, Boo., Yol, XIV, Na 8. 



4 


Gboiutbioax Kbpevshttatioh op Bqttations 
OP OOKIOS poa OOMPIiHI Vabiablbb 

Bt 

Makotaitath Qhatax 
Ghftpter I 

§1, 21ltf iuo6uU]f for ^ in^iAnokoi^ ^<U9, 

The ^eometno ropz'eMii tation of mi auftl^Uo oquAtion ini8Biid||is 
ordloanly obtained by iha admlsBiOQ of only reftl TBhies fov the 
Torlablea e end p. The Imaglnarj or oomplex -vnlnefl h&vB no plooe 
thera, and whore t?fo each equafcionfl hnye imaglnniy or oomplex 
Bolafclorae, wo got no pointa in whloh the oorreepondlng goometrlael 
flgiiroe interaoot Honoe wo gat tho phonomonon in Oonlo Beotiona of 
a Bbrughb Itno and a oonio Bomebmoe Intarseoting and Boxnotdmee 
not laterseotlngi 'whoreae the an^y bloal equationB always have sola* 
Uonfl. In bhelattaroaee we ny, to faring tho goometrioal pheDomenon 
In fane with analyidoal Feanlts, tlint the line inteneotetiie oonlo In 
Imiginary pointa. What la I'eally the case Is that there ere no pointa 
oommon to Hie line and the oonlo, 

The anomaly udsee onb of the fact .that the voota of an ognation 
with real ooeffloisnie give rise to numbors whloh are not always real. 
The Aigand’a diagram gives na a method of representing all t h ese nun* 
ben In a plane, and tho totality of these nnmhorB oorers np the tmtlre 
two dlmenelonal plans region The real nnmbera as well es the purely 
imaglnairy nninbera are fant paHdonlaT oasee of oomplox niimbera 

g H n fte for tile adequate representation of a eln^e oomplex variable X 
we require e plane or a space two dlmenslone, tiie adequate represen- 
tation of two oomplex variables X ft T would require tw6 planea in a 
of four dimenslonB, having a oonunon point at the origin, 
four ooordlnaie axes will lie two and two In the two planes. In 
each plane there are an axis of reale and an axis of imaginarles whloh 
ere at right angles to eaoh other All the ooordlnate axes may be' at 
right angles to one another, hut we may faave eometlmes to deal wltii 
oblique axes. It Rhonld bo remembered, however, that the ttle of 
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\U 

ImBgmftnflfl is neoetu&rllj ai rlglifc osglde to tiie azlu of reals, bni the 
ongloa bekween the axes In X*plane and axel In Y>plane will not always 
be right an g lmi. In the oase of eqaaidoiu to the Oonio Seotions, if vb 
admit Oif oomplax Taliias for the yariablee and mbafaltabe for « 
and y+^for a iingla relation doAneobng e and y wiB be eqnlyalent 
to two relationB oonneotuig a, /9, y and d, whioh are obtamqd by eqoating 
the reel and Imaginary parte separately to leiD. Eenoe we obtain 
that the eqnationB really represent ttttfaoM, whose Beotions in the plane 
of realfl are what we ordinarily consider to be their geometrioal inter* 
pretation. In reality, therefore, the eqaatlons bo the sbulght line and 
the oonio represent Bometbing more than the hna or the oonio in the 
real pln-na They represent enrfaoae, and if the hne and the oonio in 
the real p^*-"** hare no points of mb6i*seotion, and still we oan find 
BohiiiionB to the sgeahansi we oonoinde that the sttf/oesslntersect in some 
poh^bs outside the piano of reals 

' Afl an illnafarafuin, let ns take a oass whore the solution for one of 
the yarlablea is pnrely imaginary, and see whether a three-du&enaional 
epfaoe will give a geometoioal' solntion 

Let the eqnatdons be s*+y*s25 and "Wliau |j!|<fithe 

solutions are real and the drole and the straight line in the real plane 
Interseot iu two points. 

TThen (-.1 i~B, the itroight line tonohee the oirole, and when [ e |>fi, 
there ore no real saluiiODSsnd the straight line and the ahnle do not 
meetk. 

In the real'imaguiary plane, on the other hand, the ourvas ere the 
hyperbola s*"-y*s=8hi and the itraight line ib=±o| and when |sI>S, 
the straight line and the hyperbola intpifOot in two points j when 
I u [-^fi.they touoUi the point of oontaot being the Bante os in the 
p^^y^pB oase, an4.u ,the.gommon pojipt gf^the mro^^an^ the hyperbola. 

' IzF eabh case, 'the ipointe of < mterseotlon era those In whioh Ihe 
nrftit nf ff»+y*E=^'mteiwaofa the {Foint oir^tontaot 

being ;hbe point, where s=±5 interseots 0*«t*y*Es26. Where the 
gQomefriofd Bolntipna ware nnavaiiaible in the ifiel plane, they were 
pl^iafoe 4 in %'nBl<lr|Uiguisry plans, , , ,, , . _ 

Blmilab eiigiuiientB epplyif^ith regerd'to <ih0 etfiiatioiItf's'+y^isSS 
and ys±o, t^ alternatiTfr plane of Bolukon being the nnBginBry*rBal 

^ne ^e eqtuabijOnB and r^±fl,op y=±d are also of 

the 'Bhine nature.' The oritioal'V^'ue in > the oose of iK±o-is'«( s f=a, 
and the altamaiavD plend of Bolutians is the real'imaginary plue ] In 
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the 0 U 8 of tf=±d the orltiflftl Talaa ii |yfl?=6, and the altoppatlT? pkna 
the hnagmaiy-real piano. Blmllar ^ooruddepatlonB apply Tfitt rogw^ 
tothe«iTiaaonfly-c=4cLBond »=(V the mamfeBUtion pf tbo 
in the real-imaginary plana ia y* -^4^^iO=0 luid the oritipal Tplne Is *=0. 

In all these oases, wo hoTt daKberhiely ohosen the eqijiatlonB In judb 
a way that a three-dlmensiDnAl apace snffloaa to show all the points of 
intorseotion, This im>da,of repiieaentatlpn has , helped tn^shoifthat 
the onrre in the real plane la not the whole d the anrlaoe ropro^ted 
by the aeoond degree ^nation, and that there are other {danea where 
we also get ottrvaa of IntarBaotion. It Is difflonlt, however, to get an 
aoourate oonooption of a anrlaoe in foor dimpnsioiu i we oan study only 
its ourve-seotloiifl, and imagine that the snrfaoe la made np of all those 
onrraB. We should remamher, however, th^ not all planes give ourroa 
of seoMon, and wa shall have to choose onr planes In snoh a way as 
to make this possible. Wo shall show later, thpt In the case at least of 
eqnations of flist and seoond degree, a single Infinity of planes may In 
m oases be obtained where we get ourves of seotton, and that the 
totahty of all these oorvea repi’esenta the entire snrfaoe. 

|fi. Ths ydoTM ft» four d^nsnn'ons 
1 Tfts ouW agtio^iow, Boldd of Oto jhvi dtgne. 

When the equation In fonr dunensionB is ol the Ihst dpgree, we 
might oaU It > 

The most gonerol oohemo of b:anBfor*mBtioa of ooordinatps may be 

written, , , , j * , ' 

a'sO|0-l-bj/i-l-o,y+diO+ei 

^c=a,a-l-6,/3+Oi7+di8+9, 

Y'=:o,a+6*/J+eiT+d|®+*i 

8'=5d^,o+6(^+04y+d4fi+a4 

luid by Its aid any eqnaUon of the fiitt degree may hi trtmafbrmod Into 
8=0. We might, therefore, got a oonooption of a ftplid of the first 
degree from the eqnatbn 8=0 whioh erahraoea a threoJlTnenaional 
Knolideon spooo. Any eqnatlon d tho first degree would then bt the 
analytloal equivident d the solid being given any -^oslrod poritions In a 
fonr dimenoional spooe 

We sboll now prove that a plane in font-dimonslonal spooe Is given 
by the InterBootlon of any two eqnotionfl of the f^t de^ in 
Tori^hles, 
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Tho Bobeme of traostomiatloii gfres above would give a ooiTeapoo* 
ding iyatam of sow axeSt Bj tbia tiru^ofoiMsation asy two e^ationi 
nu^ be redsoed to the form psaQ^.VssiO which 1 b a ooordinate 2 >laM in 
fJifl new ByBtam d£ axei Henoa the original eqaatlons mTut alflo 
rapTfiBeiLt thu plaaO) aod we get that any two egsattona of first degree 
In four vanabloB repreBonts a plane 

We sball now proceed with the problem of finding ont this plane 
geomebdoeUy. 

The gonenl eqoatlona of a plane in four dlmensionB may be written, 
Za + 0^9 + ay + pd B o 
l^a+W^+li'y+JJ^fiah. 



By ftHtnlTifcf:tTig p end fi in nooeeaion between the two eqnatloni wo 
oan rednoe them to the form, 


/3saa+ey+e (0 

8=6a+dy+/ («) 


(X). 


A epeolal advantage of writing the equationo in thlfi form la that a 
oarreopondenoe is established between the possible planes In a 
fonr-dixnenilonaL domain and the equations obtained by varying the 
oonatadte. Booh advantage does not belong to the equations (A) where 
all the varlablBB lue preaest in both The Bame plane may, m that 
oase, bo represented by different pairs of equations. 

BlnnA with e ve iy ohaoge of the oonBtants of the equations (X) a new 
plane Is Dmved at, and there are six of iheee oonstants, tiie number of 
planes possible In fom.' dimenaionBl. spaoe is BU>fold infinity. 

Turning now to the equations we see that (•) represents a piano in 
geometry (this Is really the Intereeotion of the two 
solids of the first degree and 8sO), Thus the solid (0 

pasBaa through the plane /J=oa+oy+sin (a, /0, y) space. Again (m) 
1b a BoUd whose aeotion by fisO ib the plane In three dlmensionB 
6a+dy+/=0 Now in (a, y) BpaaB^=o a+o;y+« and 6o+d y+/=0 
together represent a line, whloh being oonmion to the two 

piojiMi la common to the two solids (*) and (W). Hsnoe the plane 
hM line lying on It. 

So much for the (a, /T, y) space. In (a, y, 8) space, similarly, we 
get the planes of Beotaon to be a a+ey+e=0 and Besba+dy+/ and 
thoe detemlne by their intersection a ttradgM Une whloh is common to 
(») and («0 and, therefore, to the plane (Z) 
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Now thBBA Btrwght lines have the point given by a o+e 7+e=0 and 
b a+d y+fsaO m the plane of reals, odtnmon Henoe these tn ooplanar 
and u the siirfaee of intei'eeotion of two iDllds of first degree has bsen 
shown to bo a plane, the eqnatbna (X) are the analjidoal oqnlvalent 
of the plane defined by these two sfe^ught lines 

We might, however, show that aveiy point m the plane determined 
by these two straight lines lies on both the solids and, therefore, on 
their surface of mtomeotion, and thus get an alternative proof of the 
foot that the interseotlon of two lobds of first degree is a plane. 

To Aow tkai the plane datenuned by Ihe l*flo 6 a+d y +/=0 md fiss 
aa+oy+e w (0,^,7) jpoM, and tfce biie o a+o 7+a=0 «id 8=6 0+ 
d 7+/ 1» the (a, 7, 8) spoM, m ike mtfaee of tnieneeiton of (1) (»0 

LetOiX, and OiT, be the straight 
lines. Then if (a', y, 0 ) be any 
point P on and (<^*1 0 , 80 “'y 

point Q onOjTi any point, B, on PQ 
will be given by (a'+AV, y+6/» ^8^)- 

Bnt if P & Q lie on both the solids, the point B will slso he on 
them, and henoe on their surface of intersection Bnt by varying the 
points on the lines 0 ,X, and 0 ,Tj and 6, we oan make B oolnoide with 
any point in the plane) heno6 the plane XiO,Ti lies altogether on 
the snrfaoe of intereeotbn Of (») & (»0 , or the two ooinolde 


T 



§8 The planaf of eraminaHon 

We now pass on to notice some of the most important partlonlar 
0S88B of planes in four dlmensbus. 

Where one of the two equations defining the plane oontelnB two of 
the variables (o and 7), and the other, the other two (P and 8) we get 
what may be termed o plans ofMominaHon 
The eqnataons might be written 


7C=flia+0 . 


(Y) 


We now proceed to a geometrio^ oonsidemtbn of these eqnatloTW 
in defining the plane forined by them, 
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IiBt ui taka two planea, the real and tie liBlBglnopr,. and draw In 

idiem the BtrtJght liBOB / n -i ' > 




PUkM of naU -P*"* 9f <wigiuaridK 

wtloh have the given eqnationa (tff) * (*) and whloh are really the 
MOtbna of the BolldB.(^{t) and (^«) by ibese planee. 


The real and tlio lmBglnaT 7 plane fcogofehar may be called the hasio 
jAanM. , X , ‘ 

The complex point (a+J^, y+i«) detarminod by the points (a, y) 
end (/5| d) iP lio iinagjna*7 la said, to be fbroied 6y 

iJuir affoe^ioe The pninto m the beilo plaoee may be termed lU 

ooin|wne»t« 

The pZofu /or«aJ ty tko tuaooiaHoH of -c line w the reel plane and a 
Z^fte «» <*« imaginatTf plofw Is that defined by llnee drawn paraUel to 
them throngh the complex point framed by tha aaeodatton of a .point 
on the i-eal line of sMOoiution and a point on the Imaginary line of 

asRodaHon, , 

These lines of assooiatioT) are, of oonree, at right angles 
AnalytifloUy, the eqnatlona to this planB.ero given by («0 “d (iv) 
together, for these two together represent a plane. And tho (a, 7 ) 
ooordiQtes of the plane satWy- (Hi) and the 8 ) oordmatea satuily (to) 
Henoe both (rtl) Mid (*) pass throngh this plane, which therefore mnst 
oolndde with tlieir plane of interteotion 

Henoe we obtain, that there Is only one plane formed by the aaso- 
plB^oi) ql ^ Hue in the real plane and 1 ^ line in the imaginary plane, 
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We now prove iome important pi-opodtionn witt regard- to ' theae 
planes of axamlnafaioiL For ooiiTeiuenoe the word “ plane** in what 
follows w31 mean a " plape of exommatiou.'* 

Prap(igiiK»J ,s ' 1 

Two planes will interest in fchb ooinplex'pcdnt formed by the asso* 

dablDD of the points of intarsootiou, in the baafo planes, of the liras of 
oasoolatlon of the plauee 

This foUowa from tho doRnlfcion of the planes. HB4Dbotha 
points of luterseotlon of tlie Unas of aasomebion, tho complex point 
(B, D) formed by tlie aaeomation of B & D, lies on both tho planes and 
IS tholv point of lutoraeotlaii 

Sehoe iifolltfWB that two planbe wtU, ui ga^ei'al, hltaiveot 'iiV bnly 
a single point i for the lines lii tho homo planes inteiMot In only a 
single point unless ooinoldln^. 

Propofi^QnJI , 

Two planes ore when they aro fanned by tha susocdation of 

bnes which 01*0 pai'allel straight linaa in thalr planes of roforouoo 


^ panUdim , . , 

Two planes aro paiallel when the line at inflnlty of one ooinoldoa 
with the lino at InBnlty of the ot^ 




tilt (Aid, EF) and OD, GE) he the two planea and AB be -poiallel 
to'ODand' HF to. GH. By Prop. I the point erf intowptto 
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oomplaz poinii farmed hj the aesoclfttion of the points at inflnify along 
AB A BI7. 


If we draw the plane of ezamiDotion 
(AB, BF) haTliig oa origin a, point O' 
formed "by the asBodatloii of a point on 
AB and n point an 3F, the oomplex 
point of Intevseotlon >nU he that deter- 
mined bj a point nt inflnitj along A'B' 
and a pomt at infinity along B'F' 
(tiieBO being lmea’~panllel to AB and 
BF through O') Bat these ooordinateB 
do not define a single nniqne point but 


F' 


B' 

~i7 r 




ou infinity of points infinitely dist^t and lying on the line at infinity 
Henoe the points of interaeotion lie on the line at infinlliy on (AB, BF). 
Bimllody they lie on the line at infinity on the plane (OB, G-H). 
Thiu the tfro plonea have identlotJ linee at infinity t e., ore parallel 


PropottfioR HI 

Two pianos ore also pendlel whan one pair of parallel lines of sseo* 
oiotlon beooine ooioddent. 

This follows from the preoeding proposition when we remember 
that the line at Infinity Inolndsa points, one of whose oordinotes is 
finite. [Those, of cooise, ore one or other of the two points at infinity 
lying on the axes] 

PrqpOtfiA'ow XV 

Of bho two ^sterns of doably infinite planes whioh pass through 
two difforent points, among omTeepondlng parallel planes there Is only 
a single pair which is oolnoidant. 




s 


P 


Plane qf reob Plane maginariei. 

Let (a, /9) aad (a', be tho points through which the systeme of planes 
are drawn. The oorreepotiding psi^nel planes ore those whioh hare 
tbeii' axes parallel (^.a, ore formed by the assoolatlon of linos whioh 
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are parallal \n tbeir basio plaoea), Tn tba oeae in which bhe parBllol 
axes geb ooinoident (tuj , iii the cafe of the plane (aa\ fi/?) we haTe 
ooinoident plonee The plane of examination (oa', ^/9') is oommon to 
both tlie Bjabems. 

TroposUion V 

Two planes will meet In a single point ab infinity when ope ef the 
linos of associatioii of one is parallel to that of the oibei’ 

Prop I gives ns that the point of iuteneotlon is that foi’med by the 
njanw^ftiiinn uf tliB finlto polnts of Inteiseotion iu one hanlo plane, and a 
point at infinity in the otUei' Wlion wo draw one of the planes we 
find that tho point of intaraeotlon is at infinity along an axis 

ProjkutiufH yi 

If a line of aesiMiation of one piano ooinoidas with that of the otbor, 
the two planes intomeot m a line poi'sUal to tlie ooinoident line of 
assooiation 




Lot the ooinoident lilie of itssoolation bo In real piano and let It 

bo AB, and lob OD and DB be the imaginary bnes of asaotfiafion InteiS 
seotingabD. Then Prop 1 gtves bho- points of intQivaeldoa oa those 
foimed by neeooiabion of ovory point of AB with D 


Let ns -draw the plahe (AB, 
and let lb hate as ongin hniDd 
in tho Tienfrl wayi Than in this pliine 
the pointo of InbeneotloTi will havo tho 
same | 2 *ooordlnabei and, thorefisre the Hne 
of inteneoblon will bo pandlol to 0|Xi 
and heuoo to tho ooinoident lino of asFio" 
bfaldon AB 


T, 




X 
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l^e aoalytioal proof u also iotai^ating: Let) the planes be 
ystna+B, y=ffia+o> 

8=-i»i)9+rii, i 8 =Wi)B+(Jb ) 

Thu oquatiGiiH Lu fcbo (Miuniuii line uf iDtopsoofcioii an>, 

y=iHa+r, 

«=w,j9+d., ■ 

8=m.,j9+d,._ 

And blio eUalght line la obviunaly une pumllel to the line y= 4 aa +0 
111 the raal piano, Ihrangh the point (0, /9, 0, 8) 'whei'o § and 8 uv 
deteiiniaad from tlio last two eqnatioriH 

f4. Tho jploMe ths firtt dsgne 

Wo now come to another partlonlar oaeo oft ho gonoral oquatloLS 
to a plena It ia forniahed by tho genei'a] oqnation of tho flrat degi-eo 
10 two vonabloe. 

The most general form of tlio equation of tbo Qrat degree m yss 
wx+a 

SpUtdog np the I'sal and iniaginai’y parte after mibetitnting a+i/9 
for .ff and y+*8 tor y, 

y=»o+o.. (a) 8=tB)9..,(6). 

This abowe that tlie equation wlioeo inaoifoetation la a straight liuo 
in the plane of reale la, in reality, a plane. We aee alao that It bolonga 
to tho dhuB of tho planes of examlnatbn. Snob a plane is teiTuod u 
pl 0 M thefini deyna 

Planes of flnt degree are, howoyer, iiartumlez oasee of tho planes of 
ecamlnatloiL 

For, from tho eqoatlona (a) A (8) wo see (a) that the linos of aaso- 
oladqn an inolliied at the same angles to the coordinate axes In their 
respeotlTe baeio planes, and {fi) that the line of aasooiation in 
tho imaginary plauo passes through the origin. These ronditlane 
doubly liiulb tho poaalble number of pianos and we get tbp totality of 
Boob plauN to bo only a two^fold infinity. Tbo single eqnatlon in two 
ranablea hi tho nufnoe also shows this to bo tbo oaeo 

Tho tno following piopombione with rogard to planes of first degree 
SI'S of importanoo 



IiqUA.TIONtl 01^ OONIQB 


m 


PrqpoWitou A 

nqiiftHons of first degree In two T&rl&blea whioli repnsent parallel 
tinea In the piano of reala aro nally parallel plonefl meeting in a aingle 
infinity of polnta, ntaated allogetlior at infinity. 

Let na t^n the two eqnatlone 


and 


. (d) 




Vnr equation (el tho lines df amnolation aro, 

■y=i»a+cs| 

Vnr equation (d) they are, 

SInoo tho pianos lm\o parallel tines of oaaooiaHon in thn roal plane, 
and ooinoidont lincm of ansooiatlon in the imaginary plane they reproaonb 
ponllol pianos by Prop, III p, 180, 

Tlio Boooiid part of tho proposition is proTod from tho definition of 
parallel phwioa. * 

A oomplementary propoaition with rogard to all dlhor equations of 
first dogroe is givon by, 

Pnpotition JO 

In all other oosee they ropresesb planes having only k, ainglo ^int 
of inteneotlon, which is in the real piano, 




184 


UAHTITASATR aHATAK 


Tlu0 follovA from, tlie fact that two fint degree ec^iiafcioiiB m two 
7»7ia))loa 06 D only hove ^ mal solabon. The propomtlon might also be 
prored by tho theory of pUnea of oxaminatum by the help Prop. T 
p. 179, The lues in thq imaginary plono poAfl through the origin j the 
lines in the real plane Intenoot at a definite point, Henoo the point of 
inteiBeotlon is obtoined by assodaiiDg the doflnlto point m tho plane 
of reals with the origin In the plane of Imaginarloa, Hence the point 
hea in the wal plane, and is the intaneotlon of the real linos of 
•sBooiahon 


Thi phiwe Uutfint depfee foiih oofnpZeji oo^JlfioieNtt 
We shall now oonaidar the first degree eqnatlon in two Tonabloa, 

where ilie oonatanta are oomplax quantities, and see what the equation 

npreeents under these oiroamgtanees 
Iiet the equation lie 


»=(A+»'B)j- + 0+iT>, 

OP 

y+tf=(A+t3)(o+.)9)+0+<D, 

Spllttiiig up real and imaginary parts, 
yesAa— B^+ C, 

«=Bo+A^+D 

Henoe tho piano belongs to the most goneral class though it In a 
ipeolal oase and oontains only fioor oonstanis. 

The BOoHon of this piano by the solid 8=0, is the straight line, 

y=Aa-B;J+0, ^ 

0=Bo+Aj8+D,) 

IB the (a, fi, y) epooe 

The dirpetior-ooflines of the hno are piTiportlonal to 
A,-B, A«+B“, 

^npe ereipy Hue In the (a, y) ^oe ^ parpendioular to the fi.aria, 
the fovih direotton ooaine of the line ia 0, 
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IBS 


Henoe tho direotf^n-ooeinea %ss proportional to, 


A,— n, A*+B",0 


Similarly the seoblon of the plane by yaO ia the line 


0=Aa— B/9+a, 
8 K Ba *{■ ‘h D , 



In tho (a, 8) space. 

The diTOofcion*to8itioa aro similarly proportional to, 

D. A, 0. A»+B* 

Henoe applying U'+tAm'+aA'-fiip'=Oiro soo that the biro oharao- 
terlatie lines oro at right angles to each other. 

Heooe, tho same method as In the oaso of tho most general e^nataon 
glvoa tho goomotrioal looatlon of tho plane. In thin ease the ohM'QO^ 
teristio lines detomiinlng the plane aro fonnd to be at right angles. 
This will be of nsa in determining oorre-saotlons of imrfaoofl and solids 
in suoh a piano. 

$ 5 , AppUeationt 

The ground haying boon thus prepai‘ed, wo shall now deal with tlio 
problom of the intoreeotloni of eqnatbnB in two rarlablsi, where tho 
eolations aro not ayallablo m the roal piano. 

To find the p(tiuU or Uact of intorieotioH of the iHrJaee$ given hy 
and 

Put 

resa+t^, ]yssy+«8, and tho equations bcoome, 

(a+i'^)* + (7+i'8)»=0. (^+^)3)« + (y+i8)»«a* 
whoQoo we get 

a._j9.+y«_8«=0...(l) I ii'-/a«+y'-8«=»«...(3). "I 

a^+y8=0...(a). ) a|8+7BmO...(4). ) 

Jlqxmtions (8) and (4j are IdenMoal, aiul we haye a ease of mrvn* 
IntorseotioD of tho two Bnrfaoes, 
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(1) & (3) lun inooualatenb together nnlass a**fy* and tend 

to beooma Infinite, approaohlng each otber in & i^tio of oqnality. 

From (S) wo baye, 


a 

y 



fnipposo...f5) 


Thifl shows that a, /8, y, S u)iuit all Im infinite for the points of intor- 
HeotioDi Fran (6) we find that the points nt infinity where the onrTee 
Inberseot are of the form (a+i/9| jfi) oi‘ (X, tX.) whore X gete 
mfinlte along a iiai'tioiLlAr radios veotor given by the ratio of a end /3 
Since, howeyer, thia latio la indoflmtei wo have the onse of a single 
infinity of points at infinity Henoe the anrfaeoe interseob in a ettne 
at Infinity We shall now dobormine whether these tondh at infinity all 
along the oaiwe. The seotiona in the reablmagiDoiy and lmaglnaTy>real 
plane seem to aoggesi that thia might be the case 

Before doing so, howeytr, let ua develop n method of obtaining an 
Infinity of planes where wo may get ooi'ye-seotionR of tho imrfaoeRi 
Let Tu analyse the eqnatlans <1) ds (S) vis, 

a«-^«+yi-8»a0.»(l) 
a^ + y8=O..(0) 

(fl) by itaelf denotes n rnirfooc, and the planes obtained by giving to k 
aM re^ volnea in, 


u —8 

>"T 


=k ..( 5 ) 


lie entlrely^ on the snrfaoe. Henoe the snrfaoe ootibIbIx ontirely of 
these planes, (whioh, it will be aeon, oro planes of raamination). ThlR 
18 a ease analogona tq bhegeoarotlag linos of a rnbd sarfeoe Thi^ may 
be termed fcbo gmaraiing plonea of tho solid. 

Thus the inborsootlon df those planes with equation (1) will give 
the entire surfaoo The ouryaa in tliose, in theli’ iotalily, represent 
the whole surfaoo, 

How &L‘ b defimbo yolnoof Ir, the eqaatlona (6) represent two oqua- 
tions. Theee two equations oomhmed with (1) give us three aquations 
among the four variahloa We have thus for their Interseotion a 
certain ourve, and wo proceed te analyse this ourve and lee what It 
geometrioolly represents, 


kqUiLtioas ov oonigb 167 

Tu Older to cleteiuimo the seotiQU bi fcbe planet asafty 8= Cur 
uiy ^’alDB of It the following artlfioe may be adopted 



Plane of tmaginariet PUme tf nale 

Tlie plane la formed by tlio aaeomation of tlie linoe OA A OB m 
the I'oal and imagiuary planes whoeo eqnallouR aiv ac:;^, 8=— 

Take for axoa the Ihes OA & OH whioU ai« at idghb anet^s to each 
ublier A Ttuit length along OA will huvo tbo ourdmatee, 

and a niiit length along OB| 

1 . -fr ' 

In ordei* to determino the onrro hi tbo piano our method will be to 
take any point (m, tn') rafe n *od to them lines aa axes, and then to 
exproes tbo original ooordiiiebeB in toi-ms of m dim'. Tlio aabatifcatilon 
of these in the given eqeailon will give ns a relation between m ik «a' 
wbloh will be the onrvo required in the piano 

The point (et, m') in this piano has fur its ooordlnatea. 


P-VRT- 
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slid labstitabiig theM io equiition (1) ris. 


ai-/J«+y*_a»=0 


we get 


W* W* W*t' _Q 

1+ii' 1+*' i+k“ nr* 


or 


[We would hayo gob tlie aftTna remit if we had aabatitntod thorn 
yalnei m B*+y*— O', where y=y+^ 

The eg,iiablon obbUaed ie independent of h and wd tee that in all 
them plaiiflfr the eeet^ ia the »ine \ yii the pair of afcraighi liqee 
a=0. 

Iq the oaae of the ot^tiatlon o' +y'~o'i we see in an oxaotly afahilfer 
waj that bhe oeotion la the reotangnlor hyperbola, 

Binoe the pianos of examination in both these oaaea are identical, 
the two enrfaaea tooeh eaob othei at inflmtj at two poonta in oaoh of 
Uieae planes, where the m ^ n' oourdinaies itfn in tho ratio of equality, 
and, therefore, the e de y ooordinataa are of tho form (X,iX), or (»Z,X!). 
This happens in all the planes obtained by Tatylng 1(, and as those 
planes, in theic totality, contain the entdre anrfaoe dofinod by tbo two 
eqnationa, tiieee tonoh eaob other all along the single inflmty of pointe 
tfana obtawed y ia, they tonoh eaob other all along their onrre of 
inteneotion. 

Pn theoasOOf the eqnfttien thvBUtooprooeiB will giye 

the section kt the idtatioal planes of exaininaiion- in be ia* — m^'-’i^a' ea-0 
and this represents the oenjngste reotacgnlar byperbcdi, add tbs 
anrhoe tonohea In the eorrs at in&oity the etbec two snrfaoes. 

The is trne of all tho eqaabions of the form «■+{/' era” 

obtained by raiying a'rwbioh are ooDceotrlo oirules in the plane of 
reals and eoDoentrio reotaognlar bypei’bolas in the single infinity of 
planes of examination a=ity, 8 s— And we dednoe that they all 
tonoh in their common oniTe at InttiHiy at erery point of which the 
0 lb y oooitliiiaioe are In the iwiio of 1 1 ». 
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Pntdmn. 

To determiHo the pnitia atui hue* of tnteraeelton of the iwfaoee given hg 
0"+|f*=:a*, oniJ (j— A)"+y*=M. 

Tho equationB booomoi wbon brokei\ np Into roal and imogiDuy 
portBf 

ai+y»-/3"-8*=a«-(10 

a^+y 8 = 0 -(fi') (a-Wj 9 +y 8 = 0 -( 4 ') 


The flolbo jrainie of intoTBOobon might be obtaiued by solyiDg tho 
oq[aAtloi]B- For tiho pointa of IntorBootion at Inflniby ^vo sliaU adopt tho 
uialyslB of priding ozttmplo. 

Afl bofioL'e, the aaotloiifl In the planes, » = =it, m the oaaa of the 


equotlona (1') St (S') and tboao in the plnues ^ ^ == 

y p 


ss — tho case 


o4 tho og^ufttlaus (S') St (4'), are rootangidm- hyporboloe whoso asymptotes 
oro m* 


Now the pianos a=]ty, 8 b— jt/9 and (a— Sts—hfi aro porBllol 
(by Prop. Ill p. 180). They Intarseot in the line at infinity m their 
planoe. 


[That tho planes Intoi'BQot In a lino Is also apparent from the fact 
that their equations ore oqolyalent to the following tlu'ee equations i— 
aTshft a—ht=ltyanS 8 =—*:^] 


Tlio pai'Bllol Bsymptotofi in tlio parallel pianos, and iherofaro also 
the reotangnlac byperbolBS intarseot in points at infinity which lio on 
this line ht infinity. This happons in tlio ooso of tiie slnglo iniluil^ qf 
plmna obtained by giving k all real valnos. Thus wo obtain that tho 
surfaces Intorseob ia two finite points and a siiigle infiziit7 of points at 
infinity, sr a curve at infinity. The ooardJnatos of tho points at infinity 
sdong the system of , planes aely, SB^I^Sai’e {A+tB, ^(A+VB)) where 
A^Sf B have infinito values in any lutlo * i. e, A+iJi ma^ bsooznq infinite 
along any vootoi'. 


[Wo also BOO why thoro shonld bo a ourvo of intoneotion of tho 
Bnrfdooa, from a oonsldoration of the oquetlona For bbo four oquotions 
are roi^dly equivalent to the tiiroo i— asoo, a*— /9 *+y*— 8 *b 0 and 
a ourve Altogether at infinity] 
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The problem la Tory Bimilor In Uio oa&o o£ the eq^oationB 


»' + y'-/8'“8*=a*-(l*) (a-h)- 1 (y-fr)*-/5"-8«=:6*w(g'; 


aj9+78=0-(y) (a-h)fi+(y-Jf)9=0^X‘^ 


In the oaee of equatlona ( 1 *) end ( 2 *) tlie single inflnity of pianos 

'^=-^ shhare oni’^e-aeotiona of Uio snrkoe whleh am rootangnlar 

liTperbolaa. Tlie ooiTssponding planoa aro parallel by Prop 111 p 180 
and the asymptotes being parallel lines m those planes Inteneot in two 
points at infinity on the line at infinity on both The oniwe’sootlona, 
oonee^nentlyi in betnoot and. the snrfaoes hare points of iiitei'saotion in 
eaoh of the single infinity of planes obtained by giving k oil real values. 
Bregarding the finite points of interaeotion the 01*0111017 methods sniBoo. 
Oomblning nil these wo get, 

(1I) The equations wluoh in tiie plane of reals 01*0 oonoentnd 
oirolea, are sni^aosa vrhioli tqnoh at all points on a oorre at uilhiity 
whose r, y ooerdinatas ire in tlie ratio 1 ’±»‘. These points have 
ooordinatea of the form [A+tfB, +*'(A+ jB)] where A * B are infliilto 
and different points are obtained by varying tlie lotio in which they 
beoama infinite. 

(li) All oquotioiiB representing cirolos in the plane of reals have a 
oommon onrve of inteiasotlou whioh is the oirolo at infinity. Apy two 
of these have, beaidos two finite points of^interseohion. 

And DOW we oan see why it is that iwo nnlct eon never inteiMct in 
more ilutn too pointij whoraas two oonioe will generally havo foot 
points of interaeohon The oorraspoiidlng algebraio^ eqnatians with 
whioh the oiroles have been eftsociated bare two finite and two infliiito 
bolufciODB, and the pointB oorrespasdiug to the infinite solntdons un 
always outside the piano of reals. The fimto solations give nso to 
finite pomts and where these are real the oirolea-lutemeot. But the 
infimbe solntdona give rise to the oorve at inOnity whoso s tb y oooi** 
dinates ore in the rotio afli±<, and which is, therefore, abwlntely 
outside the plane of ropls 

Two eoneenine dnieM etfn never iniervoot. — For the corrupondlng 
Blgohraioal eqnatdons 'Hvitli whioh they ore asioolated hav^ two pairs 
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of ooinoidenfi ioflnlte Roln('>losBf glWcg I’Uo to the otrole at inflniiy 
t^oo Hodoo those oon havo no finite points of intereeotlon Tho 
infinite points ore ontaido tlio piano of roola. 

Tho folloiring examples illnsfrote the method by whloh we oan 
bring to view the nnrfaoo roprosonted by the gnnoral oqnation of tho 
Rooond dogi'oo in two vaiHaliloSi tho oonsldeiiitlon of vrhloh will appoav 
in tho next Chaptoi’ 


Vroblew. III. 

To dotormlno n singlo Infinity of pianos whloh intonioot tho imrfiioo 

^ 4-iL. b 1 in oniTOS, and to find tho oqnatloim to tho onrvo*BOotIoiiA In 

o* o* 

thoso pianos. 

Tho first poiilon is solyod by a nmthod nimiler to tho proooding, 
On aopamtlou of I'oal and Imaginary parts, tho oqnatlon splits np into, 


/I* 




-(A). 


Ifinm the second e^natlon wo hayo onr system of pianos tn bo, 


a a* f 




or 


y=*rta, /5=:- ^ 


a 


To find bUo oqnatlon In tlHa piano wo tako tho linos of asBodation yesvia 
In the real piano, and a In the imnglnai7 piano os our axos. 



m 


KAHOJAVATn OnAtAK 


If (fr, V) be any point in iho plaice 
with raferenoe bo tbeae axes, the 
(a, fif y, 8) ooordmatea of the point nre, 

h mUr 

ma*y h*V 

^ ^*+iR*a* »®“v'6*+ta»o* 


M 



On enbetibTLtlon of these Tiroes in bhe Arab of etjuailons (A) ire got 
tba looufl to be, 


^ _ V* ^ 1 

t*+in»o* m“o“ + h» 

Wo tliTiB foe that the Beotlons aro dtibrent in di^erent planes The 
aggragate of all these cnrvea la the anrtaoe Itaolf Ite manifeataiaou 
in tlie plnne of reals is irbat wo ordinarily aaaoalato with the roprofl- 
ontstlon of the equation. Wo see, howeroTi bbat all the uurvua are 
ocmio aeotiona 

We bake anothei’ problem to illnairate the ooeo where the lines of 
aaoooiation do not peas through tlie origin 


ProbtamlV. 

To Bolyo a glmilBr problem in the oaee of the equation y* c4ae. 
The oqnstlon may bo written, 

(y+**)“ =4o(o+tjS) 

whlob splits up into, 

y*— 8*=4ca) 

T«=2a(8 I 

From the latter we get the equatdona of the planes of examination oa, 


oquATiQxa aw oonoa 


1Q8 


and the lines of ossoolaMon In ibe real and iinsginaiy plane are, 

y=m, 




Bubeilimting in tho first of oqoaUonB (A'), the oqnation to the oomple- 
montary ootto booomea. 


4a***- 


xw 


Baitm 
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or 


1+1“ 


= “-4a{m— ai“) 


Traiiafoiring tho origin to tlo point 0) T?itlj roferenoo to new nxefli 
or to 


a=al“,/Ss=0»y=2oifr, 8=0, 

irliioli is tlifl point where 0*L interseots the pnrobolii In the re^ plnno, 
tho oqnatioTi to the oomplementoiy parabolA beooroen, 


r+F 


=— 4am. 


This perolMla moote tho penbolA In the reel plnne, luid has Ita escle 
in tho oppoaito dli'ooHon All polnfae along O^Ij where in is positive 
aro within tho prinoLpol ourvo, and for Tvlnee of m the points 

aro within tho ontwo in tho plnno of examination, 

Dull, Oftl. Math Boa. Vol. XIV, Ko. 3, 



Tee 1NYE8T1EAT10NB Q¥ THB FOUOEE OSOILLATIOMB BBT TTf 
IN AN ABHOPLANB BY PBWIOBIO GUSTB OP WIND, l 
WITH SPECIAL REPKBBNOB TO THt; CA8B OP 
SYNOHAONY WITH TUB PllHB OBOILLATIONB. 


Naumikanta BA6U, , , 

CaUnUa 

' / I p ) 

TIlo " L^liu^id fcliofii7 *' prni»o&ii(1od by lAinultoALor bi^il 
by Bi'yHii laL’nlHliGH uh wibli the pat.1i and bbd pcnuds uf blib nailml 
(MOillutuuiK uf au luiitiplnne wbioh Iihh buon pluuffed witli a velbdty 
uliglitl; (]if(Qi*unfc ftTilii ilfi iiatniml vtibioiiy. Tlifi d(|Qatiip) of blio path 
givoii lly lAUiobuHtHr f<ii' nn nuttnlono in > ' i 


Uiw 0: 


H . C 
Sn.+ CTr 


t 


wliou 0 In bbu auglu of [Uitb to lioinmiiit H, tbu liHtaifvl boiglii i o., tlio 
tioiglib uf fall ooi’i’twikiniliiiti to ilid aobnal vducifcy and U a Tnriablo 
paiuiuotuif ^iir dlffaruub valiio of C liOiiolioNtor Iihn pluitod thd ibglib' 
iwth in hin " Aoi-lal Fliffbb '* and dlNoiiwod thoir VRlinoH pGaaNfbiUfcleti, 
Ifi'uni tho fuini of (ho oqnnbioii it in ovidoiit that Miu i>atb Ih a |H)riO(llo 
imu Hiid ]h'}an In Ina HtnblHfcy in Avintiini pi'nooodin^ ni a niare 
uiathonmtioal and oxt-oudiKl wa^ HihIh tlint tho poincHln uf tho uatoral 
imulllafcbnii aro rIvoii by tho nKitji of a blH^nadiiihu wliiob ho liaa FNilvod 
fui partiuabii oaflOH, In ^(ciiural ho Hiuht that tbo mutlun oonaUbi nf 2 
(liBblout poidodlo ofloillatlonti, tho tinio iioriod uf uiio la ymy lung anil 
auublnn’ obmpai'ailYoly nbui't. In foot ThomiwoD Bulviug a parUuulai> 
case nf au nemplaiiu with tho iialnml rolnoiiy 100 lb. i>op bo dudfl that 
fchu rootH of Bryan’B bi^qoulrobio aru given liy 

A* + 0-2X'+ll 0\»+l 38A+ + l'01cU 


Ac=-3-W±2 Uv'-i 
1 . ! 
A=- '080^207^-1 


au bliafc lliu itKibo aiv 
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It IB worth DotlofDg thot the flwt pa\p of roolB wo abont bovou timoH 
the Hocotid pair, wbilo bho damping ftiotor in tho fonnor coho ib about 
70 fcLmoe that of tho seoauLL So that tho longer oBoiUatioiis wo dRm[KKl 
out tho qnjokar, a laoky foot ludoed for aoroiiatitin 
~ ' Tho atady of these free osoiUatioiiB of an aoroplaild by Itfuioboatoi’, 
Bryaji and a host of othoi'B has. given suflloiout data for aoi'unanbio 
ongineorfi tp bniid Btabla aproplano bnt one [loinb of danger Htill I'oinninfl 
whiob liaa boon tlie doom of many on aviatqr , It in woll kiioivn that 
if a penocllo diatnrbaneo aota on a ayatam whioli haa ita own natiinU 
poinod of osoillatiim and if the penoda of tlio diatnrbaneo Iw oliiioNt 
ogunl or equal to the nataral period, the eyabom may be thrown In a 
violent atato of oaoillatiOn whioU may pi’uvo daiigoruna It ih one 
redoomlng foatai'o in the motion of an aoinplano that ita uaoillatioua arc 
damped whioh may eomotimos oheok tho aboveroontloued pormuiuns 
'tehdenoyi In older to study thia pinblom mOthomatioAlly 1 liavo 
ilYidertakeo tho following work Xt boa bean fonnd that midor uOi'taln 
qntUifylng ootiditioofe tho aeroplane may havo a stable motion in the 
ifaop of snob a periodio goat of wind The problem oonld not bo very 
tboronghly treat^ na exponmentid dotea and tbeoi'etiool knowlodgo nf 
oir foroea is still moagi'e in spite of the enormonB stndoB tho Bulonue 
baa taken during and amoe tho woi* in tbo hands of PrandU, Siffol and 
Bestow. 

We start by ^7nt]Dg down the geuerol BqnntionB of motions nf Bigid 
Bynaiiuos. Taking the ooptre of mnaa of tho aeroplane oa tfio niigni 
of' co-oidinatea aod B reotangnlor axes fixed relatively to tho oornplaiip 
anti monng with it in spsoe and naing the follp,wiug nutations , 


w, 

weight of tho noroplone. 

A. B, 0. 

TLomonta of inoi'tla abdat tho ofeda. 

1 t 

D, H-, P, 

oorrospoudiDg prodoota of inei'tia. . 

«, e, « 

oompononte of tronalatiopiil voloolby. 

P. ff.*" 

1, , of ongnlor volooity 

^11 ^11 

,r j. of angular momoutam. 


we have tho following oqoationa of motion 

wf ^ — — ^aAco foAXie along tho a— ozia 

\ ^ g g J j 
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ftDd two Bimilar eqnthtionB, abio 

—Aoo. torque about tlio 0 — axis 

gdt g g 

ood two similQi’ oqnotionBi and 

ft,=Ap— P(/— Br 

/*j=D( 7— Dr— Pp 

Aa=Or— Ep— Dff 

In tho Arab plaoo, lab tlio noropUno bo Aying ntondily in a honxoutal 
Btnuffbt hno Lot tliia bo tho axis of at (tho lino iiarollfll to tho lino 
of night and pMoiiig throngh tho 0 . Q ) and a lino di-own Torfcioally 
downwai^ bhrongh tho O-G-, tho y— luua anil a horlKonW lino per- 
pondlonlar to bhoflo the axis of 0. 

If tba ftoroplono be tumod in any other dlroobonB tho fbllowuiff 
an^lor co'Onliaatea wiU Rpooify tbom 1 

Siju.’ting fwiui on mlbiol position, lob \w rotate tho aeropUno Rlxnit 
tho y-oxis bhi'ongb on onglo ^ and thon obont tlio now posltlou of tho 
axis of f through on onglo 0 and liwtly alwnt tho anal iKwltlon of tho 
d-oxia throngh an ongla ^ 'fho tioHlnoa of tho ongloa botwoon tho 
old axis j-oy(i*o tho now on givou by 




Vi 


(fa 

008 d COB V'l 

fdn Min iff—oo8 if> ooa 

^ Bln 

Vo 

aln $, 

OOB $ ooa 


So 

—008 0 aln 

Bin ^ OOB ^+ooB bId 

^ Bin 


*1 

COB ^ siu ^+Bin ^ ooo 1 ^ hIu 0 
— 01)0 d (rin <jb. 

ooH ^ cosiijlf— Bln 0 hIji f am 0 

and tho ongnlni' volooltioB p, g, r are givoii In terms of ^ 

Bin 0 

g = d Bin ^ + ^00fl d OOHI^ 
rsb ooB OOH 0 Bln ^ 

. The imposed fomoa and oouiilea ora duo to (0 tfmvity (») tho 

pi-opollm’tlirnat (m) air realatoncoB (»?) tho poi-ioditJ diatarbonooi) due 

to tho gustfl of wind> , 
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The ooniiwiioTit* of gravity along tlie taoti nre W sinff, W oob^ w»^. 
— W cofl 0 Bin ^ aiid and tlio oarres^wndiDg momenta nil vonialniig 

The propellop thmat ib aasninwl to aofc along n lino pni-allel to tho 
iu-»iia and at a point on the y-axw dlfrinnt from the nngni, then 
tho poinpononts of tlimntfl oro 

Point nf applioafclon, 0, A, O 
l^’anw, H, 0, O 

Toi-qno, 0, Op-HA 

Iftir the oomiioneotfl of an* roflistonoea we asanme that they rednoe 
to X T Z and L M K and tlioae am tnken poaitivo when they tend to 
retard the ooiraaponding niotiona of tranalatiou and rotationa. The 
oomponenta of peviodla grutw are Pa"», Qe"', R'e"', P'e*', O'®"*, lU"' 
where * m ' la an imaginary qnanfcily Henco the aqnationa of motion 
are in tho oaso of ayramefcvioal oeroplano (i« which DstfitsO) 

^ (^ + «w-«)“'W «ln tf+H-X-Pa»' 

W / <Id \ 

7 (s ooa « 000 ^T— Qa-' 

W / dv , \ _ 

y 3 j- W ooa am 0— Z— E'e"' 


t'i--, ■^,+(0-B)3+Pr_L_pv. 


% 

° | + (B- 


Now Buppoae that the aeroplane iroa desoondiiig with nnlforni 
veloolty U m tho direothm of the j-axia and let the axle mako a 
conatant angle $„ with tho lionton, before Hie penodio gnat began to 
operate ; tbon initiaU^ «=tT, r, r JWpo, apd the oomponenta of 
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tho goflU lUjHont Mid lof tlio oomponont^i of nir TeBiBtanoes \ji thlB rune 
bo clonntoil by 'nio oqnBtioiTB of motion nre 

0=W Hin 0„+H-X„ 

0=W ora —Yo 

0 = 

0= — Ijj) 

0= — Mn 

0= -HA-N,. 

If now tho poHoilio gnat IwgiuH to opo»t<j wo noHnmo tlmt. tlio 
lolooity oninpniioi)fco booome U+«, t*, q, v whon «, p , w, p, ji bpo 
all email In the theory of iiniall cwolllatiaiiB of dynamlofi we Boppono 
that the aqnaroB fwnl pmdnnte of theoe volodtlofi arc negligiblo. The 
romatanaefi X, T, Z, L, M, N are fniiotiniiB of tho vetoolty oomponontn 
U+«, «, «», Pi qt f ftn<l the farther MBomptlon In donliug *ltli small 
osoillationfl is that to a Amt approximation theeo roniRtanooa are 
OTproa/nblo In the form 

X=X„+f(X.+i-X.+wX,+pX,+5X,+rX, (Biywi) 

Thifl nennniptinii i« common m tiK»tiso on thooioHoal tnoohanios aa 
a rtrat approalmivtinn when ami^l OTOiUat^ona are oonoeiniod, In onr oaso 
sihoo we have aaRuraod the aeixiplano os B/minetrioal 

X=^Xo+«X,+i;X,+rX, 

X,, Xp, X, hemg Horo from ooDsidorottonA of symmetry Id small 
osdllationH nioroovor 0 will differ from hy a small qnantity « and ^ 
will ho small, then 

Hin (?sBin <?n+* oos B , oos 9=oo8 mn flo 

Mill OOB ^=1 

Hoiico the iiiodiHod oquatious of motion lioooine 

^ ‘i?r=Wts!ii (*□ + • ons fl,,>+H-Xn-HX,-pX,-rX,-Pir' 
g ut 

^nl-Yo-nY.-ipY.-pY.-Qe-,' 

a \(U / 

I -qV) =-Wf <™ 0,-K,-ieZ.-r!!, -jK.-BV 

g \ tU * 
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W^e anbstibiito from tho aqTiattionn of eqnlUbnnin and rsan.'ange tho 
eqTutiooH in two gronpa, tho flrafc group ooniaining fchooo inyolvlng 
«, V, r, uid the sooood group inyolylug q, to Wo thne get 

^ )=“T^* mn 9o-«T.^i,T,-rY,-Qe^' 

* I 

and tho aooond group 

— gTJ^ss— Wi^ oos^e— ioZ.-.pZ,-gZ,-E'e“* 

The oomplemontea^ funckhms of tho first group of equations will 
give tho longltadiDBl or symmetnoal oeolUations of the aeroplane and 
the seoond group giro the lateral or tranayorso oeolDotioxiB. 

Group I 

To solve this group of equations we nesome u, 0 and « each propor* 
tlonol bo nQ«”*, VflO"'’|Co9”* (as 18 the oonvontionin the COM of foroed 

OBoiIlatloiiB'^Bothat^=ffli«oa**,^=BWoa"*,^c=ffUo«^* nndilDoe 


+ ■» 


iU_a0 

Si-li 


ittM55r< 


tnyiBnoATloM ov toioib oeoiLLATlom 


SOL 


Hongo anbatitutmg tlieao voanoB iu tlio Arab group and ellmuiaUBg 
fl*‘ tro got 

^ ^ m+Xn^)iQ+Xw «o+(n»X,— W ooe fl) f+Pt=0' 

y, Uo+ ( ^ fB+Y*>yo+ )w+W Kn 0 I to + Q =0 

N,'Ho+N, Oo-+(^«'+N'r in)*u+ll =0 

Bolvuig tlieao oquatlooa for ttoi 


X,» mX^-Wouad, P 

2 «+Y„ (wS.+Y, )«+W Biu Q 


9L«*+K,‘W, R 


— 1 ># 


W 


P- «+X,. mXr— w ooa 9 , 
9 


T„,( X^ir+Y,)in+WBiiiff, Ci 




11 


w 


-x/ , ■ . 

p 

1 



1 

1 

- 

T-. 

^ m+r.j - ' 

g M 

p 

Q 


■ J" il 

, Jn i‘ / 



N., 

ITm 

E 


I n I I 
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X^ ’m—W ocw ^ 


Y„ — w+Y„ (w'l+Y^V+W 6 
ff \ 9 ’ 


N„ ^Lm«+N^ m 
y 


wliow B'(tM) = A.oM^ + iJa«t*+OoM*+DoM4‘RD tllMS vaitlM of 

•‘^ni ^01 Oul l^n Kn ftPtt ^pvaii b/ Br/ftll 

A„=OW ! 

U<./tf=OW(X.X,+T.) + W N, 

OJff«=G^X.Y,-X,Y,) + W[(Y,N,-.Y,N,) + (X.N,-X,N.iJ 

-Tu.n. 

' y 

i3o/(/"=>X,(T,K',-Y,N,)+X,(Y,N.-Y,K,) + iy,N,-Y.N.)X, 


+ W— (XfN,— X.N,) + (K, U08 ff—K, mil 9) 

y ff 


'»/(/•= ^ [-™«tf(Y.ir.-y,H.)-eJi. e(X,K,-X,K.)] 


Hoiiue 


X„ wX,-W(ioafl 


^ +Y„(-\Y^+T, jm+Walofl, Q 


N,, — m‘ + N,r«, B 

? 

Ao«* + B„tH'+Oom* + D„«+M„ ,= 



l^VkSTltiATlUitH i^jkujll) OBUlLtAllUifS 


!2()» 


aimilai'ly 


‘•o 


= nud € 0 = » *'*'***^ cMiniplote valnoa arc 

«=ftja'“i ' +o,ti“i* +aj ,«"8 ' + 04 / 1 ^* ' +Hot*"' 
ttE=fc^a"i ' +6j,fl"i*+6,(i"i' + t4P"*' +iiun"' 

fasdiii* i ' + !?,«"• ' + 0 , 0 “* ' + 049 ’'* ' +IoB”' 


^viiuini W| iHf yig m* nw fcbu ruoUof lf{w)s=0 

motion of the nufoplAnfl im atnioRt oxiuitly Llio snino id Uio above 
oaao QB lb was wlion tlio gust did lutb net, only h jiurludio ONUillatiun has 
boon inpetoilded on febo olliui OHUiUiitioiiH of tliu HyRtoni, Henoe Its 
ooudifcloDB of alabllity in tlio goneinl ciiao I'lin bo fuiiiul fivim Bi'yaii. 
Hut if fn=m| or ut or iti^ I e if tlio poi lud of tlio gust bocoiues 
iilenblocdly cKinal to one of tlio iNiHndN of iiAtiii'nl uaoillaiioiis of thu 
system theo ll'(m)=0 and Oq ami c,, would Imuuiiiu luHtoly ginab 
unless ^(iA)i and x('°0 buoomu xero at tho siiinu timo 1 e iinlssa 

^(m) and 7 (ih)i V(«i\ xO**) uoimnnn innta. 

Non F(m)=a A nUi-* + ilflirt* + 0„«i ■ + 1 > „ w* + » 

^(ih)s Atn“+llw' + (Ji»+l) (siiy) 

JLf ^(nO uud ^(f») bnvu a ooiiimnii tmdri' to Aiid 11 1 'olAtioii bobweeu 
l.liu (wolllpluuUi of tbe two vi|uaii(>iis wu /ullow 8^1voeloi'’B IDinlytio 
liualhud of ulinilimtluii Nun Ri(p|»rwo uoi*tnin vnliiu of w uioko boili 
Olid <^(th) Mni i«Ui 

AoW* +Ho»t.*+'Oef»" + l)olH + K||=0 (1) 

A«''+Bw'+Ci«+1)=0 , ... (2) 

Jjet ns ouiisidei tlio difforant powoin of 01 as so many dlstlnot 
iiuknuwus. We liare then 2 uoiidioniogunuus liuuai’ equations lu the 
fuiii* nuknowns f», «i*, vi'» la^. Multiplying (1) by la aud bbeii liy m* 


and (2) by ah u»*i m* in turn we have 

Aom'+Boirt* +Oota* + lJo«“+M«w* =0 

ADm*+Du^‘+^oW 1 *+l^g«‘"+J^oWl =a0 

AoHL* + BoJft*+OoW* + Bofl* + liu jbO 

Aj»*+-lf*»"+CJiA+U e:0 


Afl** +D«i* +0«»"+J)<fi 


bO 


A^* +Bi»* + Ofli" + !>*«• 
Aoi* + B»* + Ofn‘ + Uw“ 


bO 


bO 
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a ijateui uf Hoveu nou-lioiiiagaaoiiiii linoai* eci^uatiuiiH lu uix uiikiiuHTUHi 

If M satisfy (1) aud {i) it will uvUloubl} HatiMfy all tliu abovu 
eqaatiufiH Tliwte aqnabiuiis oiti bhsi'ofDi'O uviisibLuiil' Hoiicu ulniunul' 
ing w*, i»*i M*, M*, fa, i\u get as a nouuautty uuiiditiuu ftiL' (1) and 
(£) tu have a uuiumuu ivub 

Ao Ua Co l>o . Ko 0 U 

0 Ao Do Oo Uo Mo I) 

0 0 Ao Ho Co U„ lOo 

' 0 0 0 A H U ir =0 

0 0 A B 0 0 (I 

0 A B 0 1) 0 0 

A B 0 11 U 0 0 

lu ordoL to avouj algebiwu cuiupiuutioiiH at bliu uutitot, wu Hint 
eoundai' a aiiigle lifting iilaiie pru^ielled hunsonlally by a Lt>ntitil Ibrnat 
Two sorfaoea B, S, of which the frant sni'fHoo B, aiippufU tbu wliuln 
weight of tho Reruplano bouig luoUned tu the lino of iliglit at an anglu u, 
while the i-ear aorfaofl S, ochi an a tall oi iiiildoroi' auxiliary piano, 
being planed in a neutral direotiou (so that a,s0) Dlelanuo Initwenii 
the centrae of preuarc of the two planeti is 1, the lino uf bOthni uf thu 
propallor tlins paseas tlirough the oOutro of gravity uf tlio iiinohiiio | 

the direction of the thruBb being along thu line of flight la liui'inmtul, 

The valuee of the uiue dmivationa mo given by Dtynn in tliiH 

case as follows i 

Xa=2KB,U Bin'o, X,cKB,TJ sin a uie a, Xr=0 

Y,=aKS,tJBinaooBo, Y,=KSjU oob'u+KB.U, Y,r=— XB,U1 

N. =0 . N,=-K8.U1 , K, = KS,U/* 

where K u the ooeffloient uf I’ematanoe uf tho piano 

Heuoe we obtaiu In the oase when the niaohlno ia desuonduig with 
velocity U at an angle $ with the homontal 

A*=OW 

Bo/ffUc=OWK[ai(l+aiu'a)+a,] + W'Kfl,I* 

O, /|,'U'=20K'fl.B.siu'..+WK«H.8.I'(l+i,iM>a) + 5?L' Ka,!< 

0 


TimRTTa\T[ONS or ronoKu oacilt.ationb 


S05 


Dn/(7‘TJ*s3 — (K*R, H^Ti a rw» a 3 tnn a+tflji 0) 
^K'SiS.lBin a oon (a-0) 

and for tf,, 

(/• 

B=[OKS,U 00 R*a+C;Kfl,U+‘WKa,nil«) ?-C}K9,U sin o oos a ^ 

ii u 

C=|^ K«fl,S,ir'/»«WM y Kfl.n*]tJ P-K*R,H.0"Z' mn B 

rrtfl a*Q 

+ [^ KH,U flin a(msa(w?-Ka,UZ )+ j" cwwtf ju 

( 

l)=KS,Ui W sin 0 P + KB,UZ W hos 0 Q 

+ [K8,U nin a rum a W Hin 0+W coh 0 (KS,0 ooH»a+ KR,TT)]B 

nml Fnr fclis oqnnMnn uiuililinnm W mw (>=KR|U* sin a pos a 

Tho qnnnbltioA P, Tl thnt wu linvu niwnmcnl foi’ fcliu riwnlvod luirte 
nf Iho iiiiVfnnluilo nf Mio fpiBt will Imvo a rolHl/ioii unmig thomselvnA 
like rfPsZiQsnil wlioi'o r(, h, n in Mio ffvnMnl njinr nro [nnnMonn of Hmo 

I , 

UVHK I. 

Ill iliiK onfla wo nlnm nmnnia Umk»=ft=pal, 0;sn i.o. bho mnnliino 
Ir [l}lnf( luir'Kontnllj ninl a a Riimll i|iianMiy ’ ho Ihnli niii*B rvnd liiglmv 
pnwerR of sin a nro nnglcriod. TImn 

Ao=OW» 

, , n„/(,u=cwK(B,+B,)+Ty«Ka,i- 

I I I 

1 1 ' 0 > \ 

' , Do/UV"=0 

='^5^K’SiS,/ ain a oofl ft 



NAIJNiriHTA IIAMI) 


aofl 

and kiln cifuatiuii of oqailibi'inm W^XB^U* Hin a con a 
oud 



n= fC8,{l-nnB flRiii n) + R,(0+WI*)] 


C=p|^ K*3,S,1T*/'(1 — ooft a stn a) + V»Hi0^0*/ mn a bob a 


n = PWKinS,? + R,+R,) 


Then QX|iAn(ling fcho Sylvesbor'e Dotovmlimnk mu! reniembonng lliak 
W=KS|U* mn a 008 A for bite eondiftlon of eqaiUbrlnm and negloobing 
ein'a and higher pon'era oE ein a, nre And that the debenntnant rodnoon 
to sero 1,0 nnd V\m) 1m7ea crnnmcm fnolor Ttohfeon thoin. I 


Kiiw «„ 


ii^i.wr) 


and evuii if 


I 0 , If a jicHod rtf the gnRt 


ooincide nrilli a juuKul of tlio nntnml iwoilIntiuD of the Byetcmi 

nob tend to bocoino inlinitoly groat l.e tho forood oaoillAbion wnnlH not ' 

make the ayetioni nnntablo for thnt partionbu* porlod of the gnat. 

IVo have an'lved at thin portlonlnr PonTilfc by Rmomlng a mnall i.o. by 
negleoting Bin*a and higlior poTrem of eln a Bryan ban 8hot>'n tbnt 
the ptitarol oecillatlun of the Ryntom that reMolt from the nbo7o asimmp- 
tion glroa bbo eluii't uNulllntiniw of tlio neroplano Hence if the period 
of the gnsb of *>¥11)11 omnoidu with fcbo i>oHod of bbo Binall oeoillationB 
of the aeroplaiiu it will bavo nq pifeot in violently dintnrldng tbo 
Btablllty of the Njntein ho far na the velocity k is oonoomod Henoo 

givoa tho natural nnd force 
oBOillatiniiR of the Hyatem in tho dirootion of ife motion bo fai* an tbo 
abort oBoillatlon aro ooiiooi'lidd Tbo cane whon the poiiod of tho goat 
coIncldeB ivitb the peiiods of tho lung or alow ofioillationB wo cen no 
longer negloot 8m"a only and wo ab^ it up aftemvards first 

(IniBliing tho omunination of the ef^ot on Vq and Cq Tbo naae of fg 
iH qnite nimilar to bliat of ng Imt (g botli bpqaTifle it is an angle whoso 
groat Tanatinn may yory wall become dangorona toitlie aornplnno and 



INVMTTOATIOHfl OK WTlOTflD 08011, T-iTrOKfi 


207- 


ib pifOSoiiU qnifco a (1iifoi<Qnti bjpo of oqqR(,l<niH foi givo soiue 

interesting refnilb Wu lioro 


xW=P 


W , V -V 

— lit +X,, X,, 


v., '^«. + Y„ 

a 


N., 


N,. 


1 ! 

1 

1 js=Am* +Bw hO 


^ (N-+N.>. 0=P[(Y,>\^N,Yv) 

-fiX.N,— X,X|)-X.Y,] 

prpnco 


A„=n'>\’' 

n„/,,TT=CWK(ff,+;8.)+W'K|3,M 

• ' - I > i' I 

I I , ' 

a„,^j>i7--=WK8,B>,z+E’KR;r ' '■ 


j)„=o , k'B.m,/ rI^i a c™ a 

nnd ' . < I 

I I , 

A=p|^.ii=p-J KS.m.o=-spK:*B,a,iTijRi„ 

. If R. poliod of thb giiHt of wind be oqiiel to blib nivinrol pol^o(l of 
osoillafclon of bbo nbroplftna tlien ?»*=«, mid to And the crtndibion that 
lf(m.) Roll x^n) fnay hRyo R ooramoji foolor. ' Tlio eqnatlilnn Are ' 

' 1 *' ' 

AoW*+^i3W*i-|-.0on* + l)nW+EoCj0 -i 

t ' ' s * • ' 1 ^ * i 

, Ain* + T3w+0=C) 



m 


'TAT.IBIKANTA BA8U 


The oondlfcioti thone two oqnafclonw o common root ir ^yoii by 
Broiler as follown . 

Tho I'esaltonb H of the two eqnatiianp mtaiit bo xero i.o. 



B„ On Dn 

An Bn Oo 

0 0 A 

0 A B 

A H O 

BOO 


n 

0 

0 

0 


0 

Bn 

C 

0 

n 

0 


Uxpajiding iV and romeibbei'liig that WadK8,n* gin a cor n and 
neglecting tenne containing nin'a and higher powoi'S of nln a wo peo 
that R=0 ] e , F(m) and ;((m) Iiato a common factor hotweon tlioiu 
Thna 




i*opn8entfl oeoillatqr) mnbionR in all osaor ezoopb when wi ooincldoa 
with thoae Tolnefl of tho roots of V{vi =0 thnt gire slow (MM'ilIntinns of 
the STstein. Now slnoo F(m) and x(*k) have n common factor comw- 
ponding to that >ra1ne of in=», which giyea the Hliort npcillntlnnp of the 
Bjntem, the degroo of that common factor la two, henoo it u pi'opoi'tinnal 


to x(») ^ ® Pv«0=x(»)Bi(m) and«o = 



Miow two valnoa of ni 


that make Fi(in)=0 will make Cg Infinitely gnmt 1 c , make tho motion 
of the oeroplano mutable Henoo thcxie ralnoB of m oorroaponding to 
the long owrillafcions of the ayatem will glyo tho aeroplane a pitohiiig 
tendenoy which may, prove dangeroos 


Tn the oasa of Hg and ifg when eiii'a does not ^'anliili we see that 
tho SyW^B^er’e Determinant does notvanieh ie. V(ni) Andi^Cf»\ ^m) 
h^ye nqi 8, comap ixiot. Tliei.wfore when the peiHnd nf tho gnst comeidea 
with that of the elpw oapilli^tlonB of fhe ayatem Wg and Cg become very 
gi-eat bnt tins fpot by itself ooald not have given the maoliliio any 
instability It is only when We have oonsidered the valno of Cg in this 
OBM and And as aboye that It also IS very great wo oonolndo that (ho 
/pined oaoillatioTiR in ttiu case nsiiome dangerons propOTtion, 



LKvasfiQATioire of fouoi^d oBuiLr^noNu 


£01) 


iJeuoe 111 the osho w]ieii the ru&ahiiio la Ayjiig liniiRoiitoliy fcbo eJtoot 
of a poriudiu gnat of wind will ho only to anporimpiMM) another nooilU- 
tiuii oil tho ayatoui (piovidod tho loatiliino hfw iiiliaL'eut atabiliby) fur 
all poiioda of ita guat uxtx>iit wlioii it aynuliivniaoH with thu lung osoillo- 
tiuna of the aeiTiplune 


Oamk 11. 

In tliiH udflo we atill aBHUiiio a=2f=o=l but 0^0 i.o thu mouliine ia 
doeuending at an aiiglo Q to tho horlxontol and for piu’poaoa uf oppioxi- 
matiuu luid algebrniu aiiiiplidontKmN we ahall Hup|K»o 0 and a both 
HDioll 10 that uoa (d— u) may bo taken oqnul to unity, then 

A„=OW» 

Ba/(/U=aW'K[a,(l+Biii*a) + 8,] + W'KS.^' 


ao/tf*TJ-=2CJC'Sia, alir'o+WK«Sifl.l*(l+«In'a)+^ KS.I 

Olid for D„ and i^o muet go to tlio M|iiHtioua fur fg and Cq in 
Mliiuh anltttituUng thu valuort of X, X, K,, uugul 

(TV— +aKS,U Bln*a)Hu+KS|U am a rp — W conO «„ + P=0 

9 

I 

aXBiU aiii a 008 o*Wg + ^ + KB,U tt)a’B+K 8 ,U)i'o 

+ [(W^-KS,UJ )i«+W Bin ^]i„ + P =0 
U-KS,Ui-D„ + (^^ w»+KS,Ui'fliP +P =0 

llouoo 

Uc/tf“TJ«=± ^ Hia»a+^^| XS,I Min 0 

K*B,S,I[8in Q WM u (iofl t?+Bin'a aiii OJ 



iTAf 'MrKJLNTA DABII 


(B1:0 

Vi'om l.(i& equatiolm uE oqnilibi'fQai W cos tfaKS^U* aiu a lioH d 
■thege rednoo to 




w 

u 


K'S,SgI giu a ooH a (B tan a4 Uii0) 


K-B,S.I Hill a t»a 

If now we uogleeb Biii*a gad higbat* powars of iin a 

A„=aw 

ji„/i/U=awK(8,+s,)+w'i!ca,i' 

C„/i,«U-=WK*a,8.l«+ KB.i 


Hiu u ctw a ton 


“./»‘U'=^ K.*8.S,i 


8111 O 


We see tlioi Ao and are tlio Haue m tlilg crbo u iu Cmo 1 

and in x<«). 0 does nut eiitoi, Lonca Biilto fui- those vrIobb of vi that 
do Dot fiolnoide witli a root of giving tlio alow oedllatioii of 

the s/atezu 


Bat lu the opgq of «„ 


A=0 ~ 'P 
ff* 


B= [08,(1— ooBoain o) + S,(0+WZ")] 

0=p[^ ft 09 sa)+ ^Kn'(S,I-S, BID a ooa a) 


TtrVSftTiaiil'TONB bv vononi) 080 TT.T.ATI 0 Na 


Sll 


=pj^ K*HiS,U“/"(l— Fin a eofl a)— K‘ 8 , 8 ,U"I Bin a cm a+ ^ 


KS.U'J 


] 


DssrKU[(8,I + S| Bin a «w a) W em (9-f (S,/+S, +S,) W eon flj 

and tho oqnatinn of oqnilibi'lnm W oon d=TCSiTT' am a oda a. We And 
on cxpAndidg B thafc it dnaa nofc vanmli ovon when ein'a and lilglior 
powers of iin a aro lioglbctod. Haikw in tlihi oaro the maolnno ih 
diafclnofcly nnatablo for the foi'ood osoillatiniiR oon'eRpondIng to oithor 
poHcdR of natural oHolllatloiui. 

T : 

QpoHp IT 

At the ofitaofc tn tins gHnpp wo start with the Afliminpbinn that 
P'sQ'sB'sa oonatont qnantjty ndilch is oonvoniontly Uvkon ae unity 

To solve this gi-onp o! oqntttions wo aiiRnmo w, p, q, jonoh propor- 
tional to Port"') 3o®"^ *“* •'***'t ^ strtoino”', ^ t=po»rt“'> 

'h aogffur*', Honoo snbstittitlnff theso tn this group iuid oliminat- 

ai -J > 

ing «“* we ^fol) ' 

I ' ' 

^ ? w+Z^ )hio + ( ^ cnsd-hZ, ^pn 

+( -W^-- ^ slnfl+Z, V + I1'=0 
\ g m / 

fj- Wo-P^^m+Tv^o+( — If™ -i-lj, ^fl + F =0 

I 

I ' 

M,'K.. + (-P''i+M,^„ + ( n’5+M,)g.+Q' =0 

on the following identity cos $=:p oos d— j sin 0 



^AltNlKAMTA DifiU 


Solving thwie oquotionB for Wo fiot ffo and putting P'saQ'sR' — 1 
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UuDoa ^ 

“ A,TO*+B^ii»+C»w'+bjW+lfi, 
wboiD ' 

A,=W(AB-F') 

-It * t- ' 

JB,/ff=iJ/AU-F')+W[AM, + BL, + yL^+MO] 

U,/ff'=Z,[AM,+DL,4-F(Ii,+M,)]+WtL,M,-L,M,) 

-Z,(Plt.+BL,)-( Z, -W^ )(rii,+ AH .) 

D,/„* =B.(L,M, +Z,(L,M.-M,L,) 

+ ( Z.-w£)(L.H,-r,,M.) 

» >- I 

nnd , 

a=41^* 

■ »* 


Alwj 


+W?(A+lf) ] 

I I * ' 

+wii ^ u4+if) '.iu'tf-(D+]<'> w« sj ' ^ ' 

ff > U ' < 'll I ' 1 ' I 0. 

I > I j ' , ‘ I * ■ p 

U=W oos 0 (L,-.M,)+W am 0 


A7m‘T^*H' + D7m' + 



ilA^HlKANpA BAtil) 


m 

'WllOi'O 


ti* 

B'=l[BCZ,-X.,)+tftZ,-M,) + Wtai,-L,)] 


AJbo 


if 

l>'=(lf.-L.) W Bill $ 


A-f=(A+F)^ 

0 


t 

L„) W DOS 0 

Bud 


„ _ A"m« +BV -HO^w+D» 
A\w*+i3,i»*+o,«^*+DjVt+Mi 


OlSN t.'^THlipUr Pj^tiks 

By thiH we moBD yliuios purpoodlonlu' to tllo plane of 4 — y with 
110 veptipal flns. Id - this otod wo fi-pm BryAii Art, 77 Z., Z„ Z,, 
L., M, eaabBBoro. Thus we flod tliafc = 0 , I| sO and for stLiught 
plosoB 0|s0 CTrotj ihis coy t^io original mpbimi m ims^ble bo wo 
negleofc it) If then are 2 planes whoea angles of atinok ore a, aud 
«• and the momenta, of mortia abont the plane 4^y bo 1 , and I, ^vo 
And ' ' ' ' 

r I 

f 

=2WliI, sili'lo,— a, ) 



INVSffTIQATEOMB OV i'OMOlb OSUlT.LATloj^fl 

3dt uveu III tbiB uiiHti 2 itwiA pf ilia biqaadinblo oru Miti which 
]iidi(»t4W liutk uf Jnhui’ent uUibilifcy, so wo u^leut bliiti uiue altogothui'. 

I 

Oabr ]1. 

Nuw ub uiiuc let lu go lo the Hjebeui tlmb is must slable and wliuso 
iniige of stabillby la ffroab. This is blu) system with 3 nusod Ups ob bliu 
saiuo height. lu thu ouse wu bake 2 fins and T, (of total oroa T) 
ono in front and otbor in tho 1 * 001 ’ of bbo 0. Q of blie R}Htem and both 

above the «— axis In tbo piano with tho v of tho 0 P, w^nal and 

their ]omt 0 P in a line through tho 0 G of the systom perpoudimlar 
to the mam pianos In this eoso, ]3iyan has shown, Art 84, that the 
maahjne has inbeiont stability, Now to find tho efloot of the penodlo 
gust on snail p sysboni 

Lob (.r, y) be tho uo*oi*diiialce of tho ueutra of mean iioaitiou ^ur 
coubro of pi'eaanre) of the 2 fins, and M,, M,, P the munienta uud tlio 
prodnots of inoi'bia of the areas of the Rob with resiieob to axoa psrallsl 
to the oo-ordiuate axes thitmgh (r, y) we got from Dryau hIiios 
H,=P=: 0, in this aoso for the Rna 

Z.=K‘TTJ, Z,=K»TUy, /i, = -K‘TUji 

L.=K^TUy. Ii,=K‘'rUy', li, = -K>TU/y 

M. = -K»TUr, M,=K»U(aV+M,) 

T T 

and by Lfaiiohostui-'B ' Pm Uosojntioii ’ U, = ^ x (dlsUuioo 
betwoon'flnH)* 

Pul simpliRuabion uE algobm let us assume bhatK*aKi,e tbo 
oueflloiantu uf iHuistaUGe of tho Ruh ami thu mam planes oro e(|aal 

Alsu lot US aasnmo a small, w that rcO and also FsO i.o. the «*azis 
is a principal axis Then 

, Z^clCrG, Z^aKUTy, i5,=0 

li,=Kn^y, r^=KtJTy', L,=0 
M,=0, 3d,=0, M,=KUM, 

Also let us Rrst cuiisidoL' tbo case whou 0sO i.o. tho maohlno is 
ilylog lioi'liuutally . 1 • 


1 



^10 


NALlNtkANtA BAhU 


The above oie the •nieuilauce (lovivatives due to the 3 flue only, fcho 
I'eaistauiK) derlvutl^ee foi* a. main plauo at an auf^Ie a and a iniddor 
plauo EU^ 

Z.=U, Z,=0, Z,=0 

I Ijb= 0, Lp=KUicofl*a, L, =— 2KUI ain u ooa (t 

'^tf=0, = — KUl ain a uoH a, 21, = 2Ku!l aln*a 

so that the whole roaiataiioe darlvativoa aiDi negleotiiig ala'a and higher 
powora o£ all! a 

Z,=pU, Z,=KUTff, '^,=0 
^ L,=KUaV, L,:=KUTff*. L^=>2K:Ultana 

M.e=0, = — KUI atn a oue a. M^saKUit, 

and '■ 

>li=ABW 

ll,/(7KlT,= WcAil, + BTy') ‘ 
0,/fl*K:-U*=TM,(A+W»«) ' 

Ui/y*K>tl*= — [I y-T ton a-lJ*T-y/K>U*] 

& 

• ^ ■* * I 

= - ^ T-1’ M,/K'U' 

aud fui' po 

' j >A'=My 

. t r g* 

B'/KU=1 [HT(l-y)+W(y,+aitana)] 

V 

U'/B:'D'-TM,(l-y)+ai T tcui a- Si^Ty- 

' L. , *y ® , , 

ly^o ’ ' ^ 

Uaing tlieae ({WntitiaaiD tlieSylveBter'abefcaiTalnaiib and roniember- 
liig that W=KpiU* Bin a^ooe o wo Sod ou di^veloping and negloobfiig 
terma oonbaimug aui'a and bighei* irawors of ain a, tha6 the determinant 
vfioUhoa i e. the twe oqt^ationa ^ , 

^ A^»*+H,«- + O,«'+U,w+E,=0, , , 

A'w'+B'w' + Cm + D'raO 1 uj 
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liUTe a oonimoT) zoot bobi^Bon ' khonia^lvoBr No^ nmoa D'^Q the .loeti 
oqaatinii rednoes I'd A'»»*+D'pi+0'=0 imd it -wlU have bwol^paglnaTy 
roobi If y ho no|fat;vOt which Ifi opp of the oondltioni of the iphpront 
ntftbllity of the njaohliio Also wp Icnow that thoro la only 0119 fype 
of lateral oMillatlozi of tl^e Hyatem 1 0. + 

+}|]j=;0 hew only a pair of imaginai^' mote and mnee a poilod of the 
gnat 1 r to Rolnddo with a ponod of the badll labion of tho nemplano it 
mnst ooinoldo wltli thin '|iai'tianlav mot Thun wo noe that tho forcod 
lateral onoillation in never nnntablo In tho nane of j>o whon tho mnohlno 
iH Hying horisonbally and wo can nogloot nhi'a and hlghor poa’om of 
pHn a« Tho aamo oonolnnion hohln good in tho oano of tOg and q„ 

Honoo wo oonolndo tliat when the piano In flying horlion tally and 
a in nnoh that nin'a and Inghor powom of nln a oro negllglblo Iho 
offeot of a peinodlo giiat of wind on lateanvl motion in only to 
rniperimpnoo another onoillation which nevor baocmen dangerona 

0a 8K m. 

in this we oMTuno ^0 but wo nogleot sin* a and higher powore of 
bIq a then 

A,=ABW 

B./KUff^WCAM. + BTy') 
0,/K'U'ff«=TM,(A+Wy») 

D,/K''D>p'= Y [vlTfcana-BTyooflP/K'U'] 
ir./K^UV=>- ^ ooB« 

Thus we mo that $ uoines only in tlie form of ooelno and that only 
In D, and E,. 

It we oonsidor tho oaao of po, A', D', 0' mmain the somo lu beforo 
only D's— ICnTjf W ein O’, bo oIbo In only ohango is In D* whlob 
boooTnee oon d and In tt>n, A and B remain tho BBine 

0 and U ohaugo no that 

0=K'U“hf.T«f«-I)-BK»U«TyT tana+ ^ KTJ'Ty* 

0 

+ 3!^ (A nln d-D oob fl) 

0 

P = KU(Ty*idn tf-M, oon d) W. 



»18 


KALIStEANTA BAAIf 


Now Bobatitutin^ ihbso vsItum in Uie SylTOfiber'a Determinant for 
WaPo i<emoinl)ol*iti^ that W oob ^csKSiD* bItI a obe a wo 

find bn oxlMTidiDg tliafc tho dotorminAnt doeu not Tanlsh in nn}’ of the 
oOMfl. Hotloe when the poiHod nf tho glut oohiolded wibli the poHod 
oP tho Bjntoni the ^nHicd osoillatione booomo voiy groat, 

fiplL OaL Wfttli Bor , Vnl XIV, No » 
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DK a PaOTOHABLH OOMTIirnANT 
By 

'' Satishuhaitdra Ciiakrabaete, M.8c., 

PrtlfaMoi Hatkemi-ioi^ Rmgal TetAn^oal IiuUliUe, CalanUa, 

Some fooboi'able continnaDto liavo I)eei) diBoovoiixl hj Rnoh emiaent 
mfwihamatioiaiia Aa PaiuyIu,^ Sylvoatei’,* Motsler,' Mmr * and DaUa.* 
The preeont papei’ oontama a oonfcinimnb of fcho name olaaa ^hioh liaa 
been deiived fram a fbilbo aanoa with the help e( Hoilorraann's 
Theorem,^ Thte oontiuaaub liaa boen ovalnatod dotominantolly and 
aome algobraio relationa fit., thooroma (1), (2), (8), (0), (11), (12), 
(.18), (14), (IRj and (24j liavo boon dodnood. In converting tho finite 
eorloe to a ooiitlnuod fraofdon, wo havo oomo to a kind of dotorminanta 
whoso nnmeratora and donomlnatoiw ai'e both I'ceolvable Inb a nomber 
of binomial fnaton. ' 


* PbIiitId, (1606) “ Bop anoaiiain lyitoBio d’qoftticma Hoealns,'* Jonn, d» 
Udtk, (9) Til, pp 4l<4fl| or Tho Thooiy oF DefcoriDlnAiite Id Uie. Hlitorical 
Ordor of Uorolopnieat bj Uair T , ToL 9, pp 498«43A, 

* BjlTsabop J. J. (IBM) " Theoranifl aor loi dotornilnanti do IL Bylpostor ” Votiv 
AaaelM d« ITslA^ xlli, p. SOB, or ThoThoorjof notoriDinnntfl In tbo HlitorioAl 
Order oF Dovolopmonb by Unfr T , Yol B, p. i90. 

■ W TT. trotiTop "Homo Futonblo oontiDQnotfi," Sdln Pnt Rot/ Boo., 8^1014 
(998 990) 

' Uoir T. " Oontiniianti roeolrtblo fato llnoixr tioton " Tfant Siiih Bom, Boo., 
41, U06 (840 SOB) Holr T. " Taokarisablo oooMnoanti" Tmu S, Afrie, PhiloM, 
Boo, IB pt. 1, 1001 (90-60). 

* Uaripoda Dabtn, "On tbo Vallaro of IloIlarmAnD'i Thoorem " Proc Sdin, 
Hath. Boo.Yoi 60 I'On tho Tbooiy oF OosUnnod FrtollODB " Pfie tldt*, Hath Bee, 
Vel.84. 

■ JcaraalfUrHatk 88 (lUlS), p. ll-k 

' Onnoby, (1641) "MtmolrD ear Too fonolloDi oltorndu ot fsr lot ■oudim 
altemlef," BzevdoM dWIyu «t do Pbya. Uaib„ IT, pp 181 1 BO, orTheTbMiy 
at dotarnlnaDta In the TTIatorioal Ofdor of Dorelopmonte byUaIrT, Tob T, 
pp. 849440, 
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1 .' 

{(l + y)Cl+oy)(l+rtV)--(l+»''“'y)} 

+ 'Si(l+8){(y-a)(ai,-ft)„(a'--y-8)} 

vhere 'fl, denotes tLa ffotn of the prodnote of r iaotorB 1, a, 
taken p of them at a time, 

Proof Let ae taka the senea 

(fl+a)(a«+8)(fl'+8), <l+8)(o+S)(a« + 8), 

(l+j)(l+>)(«+8), (I + ,)(i+8)(i+,).„ 

and obtain from it A n A , oto., tlte anocoMira ofcIbfb of dii&renoee by 
nmng Ij a, o" na mnltipliara (eae Art B* Paper 8), 

Thqp we ehall find that in thU partionlnr oaae whoro tdiere are throo 
faotore In eaoh iorm of the original Bariee, moTi term of A* and higher 
orders of dlfPerenoes Tanishos So by Art 6 (»*), Paper 8 we have 

(o+8)(a«+8)(o»+8)-*Si(l+8)(o+8Ka»+8) 

+ *S,(i-h«)(l+8)(a+8;-„. 

+ (-!)• ® )(^,+ TThoreits or>i. 

Thna generally we have 

{(a+8Xo’+8).. (<>'-’+«)}-*S.{(l+8)Co+8), +8)} 

+ + 8 )(l+8)...(o'-.+8) 

+ (-!)* 8)... (■o'-*->+8)j=0 ... (8) 

where ifraar >r, 

* Hf, "Ob the SralotUon of Soms ffsolonbU Oonttnoiiiti," Pui n Art & 

Ihd, 0^ iToAs floe., Td Xiy, pp, Qi 106. In lebMC^iieBt refemieM, tUi pepw irlll 
be oslled Paper 8. 



ON A I/AOTO&AJILB GONTINOANT 


%%v 

If fclis oiigliial HenoH bo 1| 1, 1, tben eaoli torni of An Aim is 
KTO. Henoe we have 

wbero i=m >1. 

Lob OB DOW tftko the poiiloaloi’ oobo of Uie blvoorenL (1) when r oS o» 0 .| 

Cl+y)(l+fll/)(l+o'y)=Cy-*)(«ff— 

+ »B.(l+J)(l,-JKai/-«)+'S.( t + 8)(l + 8)(y-«) 

If wo Biibflfeifaio S, —1, — ^ oi — fur in (4), wo oan allow bj 

(§) and (8) bliab for oaoli eabablbatdou bho equation (4) is aablBhod. 
Henoe it is on identity I'lio gonevol may bo eimilu'ly troatod. 

ISs. 1. 

[ 1 fl 3 ] 

l+a'y)^ I J+o*(H-y, l+o"y)[^ J j— 

+ C-l)^o'(l+y, l4-a'"*ff) = (-l)^{(l + «y)(l + o*y)...Cl+a'y)} (0) 
whore ( 1 + 2 /, 1+a'y) denbbea tho pradnob {(l+y)(l+(^}Mi(l+a'j/)} 
and ^ p J donotee {(o'— l)(o^"‘— 1) , (o' — 1)}. 

Tina identity may be prorod by sabetltatlnt; ay foi* y oiid — o for 3 

in (1). 

BiB, fi.' 

{(l+a“'->y)(l+o«'+»y)...(l+a*'-»y)} 

a''S,r{(l+ff)(l+o*y)(l+a*y)...(l+»*""“y)} 

--'S.,„.(o-l){(l+a«y)(l+o*y)...(l + fl''-y)} 

+ " 'S, ,_*((*■— lXo-l){(l+«*y)(l+a"lf). ..(l+o"'"*y)}-'" 

+ (-l)^{(a-*-'-l)(«-*--l),.,(a-l)} 

‘ x“'S,,_,*f(l+o»'y)(l + o-*+*y)...(l+f*«'-y)} + ... 

+ (-l)'-{(o*'-»-l)(o»'-*-l)...(a-l)}. ... (fl> 

‘ nf **011 Lho UTaluotlon e( Bomo faetomble Oonblniuobi,” ArtB| Bfdt (hi. 
iTo/h, Bo9^ YoL XUL In mbfo^neni reforauoc UJe paper will be oallod ^por 9. 
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iProqf, The i+lth term In the nght-hud-ride exprafleloii of (1) u 

X (a'“*-*y-S)}, by Art 0. Papep 8 

Put 

*1 and S=— ojjd let "B, denote the aiim of 

theprodoota of Hfaotora 1,4,4',. .4-* taken r of them at a time Then 
the 4>|*lth term beoomee 

. (i*-l)(6-l)} 

=(-l)‘{J'‘-‘-l)(4>‘-»_l) (i»_lX4-l)} 
x''B.r-..{(l+4'‘»)(l + !'**«.)...(l+6''-.-)}, by AH 6, Paper 8 
Heuoe the Identity u proved. 

Ja 3.' 

(l+o''-'y)(l+H'-^+iy; (1+0**-^)} 

= * ' 'S, {(l+y)(l+a*y) .(l-t-o* '"‘y)} 

— ■'~*Sir-i(a-l){(l + tt'y)(l+o*y).„(l + o«r-4)j^.__^ 

+ (“!)* 

X{(I+a'*y)(l + o'*+'y), .(l+o' '-*y)} + .„ 

ThiH may be proved In tlie e&me manner as a by putting 
a=^, y=4''-‘/ and 8 = -4''-i ,n (J). - ^ 


,t qf. Alt B, Paper 8. 
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^ ^ [t; ]{a+y)(i+'»‘»).-(i+““"'v)} 

Moording as niB odd or even , the last term of tlio Heidea la 

^ MV lld+ffKi+a'tf) . (i+»"-'y)} 


or (-1) 


[ 1 ]{a+ff)a+a“tf)*a+»“"V 


[ 1 ]{(l+I/)(l+a*y). (l + a—V)} 


aoooidiiig ua n le udd or even. 

Proof Xjoi donoto tlie eenw 

■B, ■8,*. "'8. ■ -♦■8 . _ 

'■07" '**Sr« 

SiuM it can bo showii, by Art 6, P»p«r 8, that 

=-S, — B., 


we have 


.(5, = % {1_.t8, + -'B,- .+(- 1 ) B..,}=0, by(8) 

'Sp 


■)9, = -|Si = ;. «‘/3._.=0,hnf^. = ,|i t=l.* 


.. (9) 


q/. Aj ^<M>>per ». 
"^"^keerfm (0)j Paper L 
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iu 

TXow let 03 baku bho paiiionlar cow uf (8) wliou »=7, au odd nan^bor, 
bheo tho Baiies iu 


[Tr[S][T]'[Tirr] 




. 1 (l+o»y)(l+a»y ) 

'T+ff nr j i' 



(l + a‘»)(l+a'v ) 

■ (l+»ia+a‘») 


1 (l+a*y)(l+a*y)(l+tf*y) 

+ (l+y)(l+o*y)(l+a*y) 



(l+o^y)(l4’tt*y)(l+o**y) 

(l+K)(l+o*|/)(l+a*y) 


If wo take tho denommatoi' of tliB lut toi'Dj os tUe oonunoD douoiniuatQr, * 
thea tlie nomeralor beoameB 


(l+y)(l+a*y)(l+'»*y)-l|^ (l+K)a+»'y)(l+a*») 

+ ||* (l + asf)(l+<i'y)(l+«*i,)- .. 


+ !|^ (l + »‘yXl+»'l/)(l+a'v)-|Q| (l+ii'y)(l+o*y)(l+o”y) 

If «,=(l+p)Cl + a“y)(l+a*i/), «,=(l+o»y)(l + o*y), audu,=I+a*y 

.bbau applying (6) to odd tennfl and (7) to even teiniB, wo oau show bbat 
the nnmstator 

-»/3,(o--l)(o--l)(a-l)=0. by (9). 


Thu the senoB vauiBheSi 



If *=6 aa eran inml»«r, we can aTmTIariy ebow that tie immaraiar is 
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fi&6 

Pnof, In evnlnnting ihu oostinnani we are to apply two algefarale 
velatiopB vit,, 

Co'+'-l) L Ca'+llfl' 

1X1 + 0^) (l + a')(l+V^) 


(a«'+»-l)(l+a'+*) ® 


(11) 


and 




. fo-'-*+i-lXo*+'-*+*-l)<'o* + l)o' 


(«• ' ♦ » - 1)(1 + «'+ ‘ X »* " * - 1 ) 




Inthe case of (111), if Cl + a'’)(l+®''*'*)(®*'*'— l)(a*"* —I) be taken 
Qfl the oommon denominator of the left-band'Blde expreeelon and the 
factors ID eaoh term of the nninerator be mnlldplied together, the 
DumeratOT will oohtain eighty tonne nf which aiaty will be oanoolled 
and the remaining twenty are \ — 

_(jB+«r+l ^<,i + r+l ^.o»r+»41 ^a4P + A+k 

— a‘“^ — c'+* — n'+‘-» 

=fl‘-»(l+a')(l+‘»'+‘)(o*''*’*“l)(o““'"*'^'-l)(a“+'"*+*-l). 

Hence the theorem is proved If we mnltiply both sides of (l9) by 
a*"* — 1 and then put i’=sl, We get the theorem (11), 


'Saw let BS wnidai* the portionler cmae of the contmnajti when i»=4 etc.. 
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3&S 


Then we shall find fchat idl the elomfiote, except the flisfa, of the last 
oolniQii, Taniah and hnnoe the oonticnant is eT^oated. Vorthor when 
the olemeata of the last oolmnot that I'eenlt from any of those opera* 
tionSi Ath fan instance, ere obtained ui the simplest forme by the use of 
(11) and (12), they will oontam a—o*"' as a ooiQiiion factor while tho 
other factors will be the moltipheL's themselves, the multipbei uf rtb 
oolumn oooarriD^ in rtb element. As an exception to tins rnle the 
last element of the last ooltunn is always seni oxoopt in the case of 
the fiivt operation 

In tho general oase if m, denote the mnltipher of rth oolomn 
and I that of the last oolamn, we have 

In the first operation 


where 

X, = (-l)'-* 




and I IS goveimed by the same mle. 
la the second operation 




-1 . . 1 

rj-^rr ^= 7 ^ 

and BO on 

In the itth operation 




and Its — h. . 

a— o*”* 

^ ( 0 - 






ri— 1 “]^K»-r)(*+r-l) 


... ( 18 ) 
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Proof, Let ub tAJco tlie eenee 

and obtain from lb 

All A|f«Ar»ii Art Ar+iiM.AtiAi+i^.i Ai + r-u Ai-fr-i 

the BuooessiTe ordeni of ilifForonces by using 1| u, a* eto., as the mnUt- 
pliera (boo Art B, Paper 3), Then tho Bret term of Ai+r-i 

[ ,1-1^ ]. 

Heiioe the idondby is proyod by Art B(*), Paper 8 




(a'-Da-' . , (o'^'-l)Co-'-‘--l)a 



(14) 


and 










(IB) 


Tboso two theoroms inay bo prorod Id tho eame manner ns tho theorem 
(12) From (15) it is clear that if in the lelfb-hand'sido oxpi'ORiriou of 
(12), (—1) bo ‘subBfclhitodfor o' In the sooond berm, o'+‘ for o*'+* in 
the third tom wid tho fourth term be multiplied by the 

ezpreaaion Taniabea, 



BATIBH OHAHDftA ORAlt&ABABfl!! 

5, The opeintionB gflTsn in Art 8, m&y be fitated tlms — 

X.["J'^]qo1.+ . +X, ^ „17+1 ]“1'+ 


(1) 


ool. + (|■-])ool;+... =ooU^ , 


(♦i-f) 

ool, +0ool,.,+0ool,_, + .. +O 00 U+, 




(n-f+l) 

+ ..=D 0 l, j 

(•-f+l) (*-f+a) 

ool* +Oool,-i + ,..+Oool,+i+Oool, + , .asool, , 


We iiiajr substitute for the aboye oparatlouBp a single operation In 
irbioh «»r the multiplier of the rth oolnnm will be ' 




+[ ][ :t-B ](-i)(.— )/[?]+. 


✓ 


* 6m P^ier ^ Art 0, p. YB. 
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Thna in eip the higbwt power of 0 {044--^ nnd thd oo<elSdidnt of 


s,/'a- 

-[ Jlflp 


' +[ „l 7 £. 7 il ., 

-X ‘713 (r ,1-r -B, 

+C-1)-'-' ['7^ ]-+'-*-’B..,.,} 



letitatlng tho yslne of wo hare the oo-ofRoloDt of 

r„+r_l -] 

, L«+r-r J r „_p_a 1 i(.-l-)(»-P-l)+('-l)‘ 

[?] L«-p->-+i J“ 

{to*'-*— 1)} 
_!■ ■ +'-'B.”-'-S,-.(a+I) + 

— V */ ir-ta 

Df-l 

ioo ft ie the order of the oontinoant, we maj dlylde oodh multlpllar 


UTIin O&AITDAA OKAKOABIBTI 


and take bha ooefllaient of j' in m, aB 

^ ^ — '--a-— ^ ^ 1 ) 

>“1)‘ , 

•« — “ (■-*0 — _ ■“•fl * + '“10 A 

iT=ra i „Tr, Or_, esi« 


+ i5r=ir -s,-.-+'-B..'-. . 




+ (-l)-'^ (.-,)(.-l) ... (10) 

The mnltipliar of tlie loab oolnnin 

Thai tluB mnltlpller may also be obiaised by (16), 

(t) Now if the BiDgle operation obtained by meana of the formula 
(16) be peifonoed on the continuant of the nth order, then from the 
fintrow we bare 

/ o'+i-l \ 

in which the ooeffloient of i.' 

=(-l)-.a^— ) “^by(U) 





oir A f&otoiuBt.B oomutuAirV 




( o“+»-l \ 

"o”-! 


a * — 1 




= ^lK»-l)(.-o)...(»-n-‘)} . ( 18 ) 

whioK Is bhe firsfa elomoub oi tho lasb oolauui 
From the itiw, wo got 

(a«'+»-l)(a*'-‘-lXl+o')* ' 

, < (a' + l)a' 

’^V (l+tt')(l+rt'+*) 

in which bho oooffloionb ol s' is 


■t“l) 


r ♦*+' 1 

L »+r— p+a J 

'B, 


■ 1 

-^+1 J 

[ V ] 

p(*-i) 

a 






I 3 

(o^ + l)(^' -'+* —l)(o- 1 ) 


l)(l+a'+V)(»F— 1 ) 


1 = 0 , by ( 16 ) 


Thus (f+l)th olomenbof bhe lub ooliimn is sero Simllorlj all tho 
olomontSy except tho drat, ii( the lost oolamu valiisli. 

Tho pi*odnoli uf blie oloinants of tho lowor ininoi’ diagonal 


■ ®“f “ ](a'-l)— S..,“ 


(o-l)a“<-l)' 


( 19 ) 



Hbhob Uie Tvlne tji ihe oonfaimazit follows reodilj f r om . (I?), (18) o&d (19) 

(n) To Olnstrftte the appliostion of tihs fosTnii]* (18)» lot os eooadar tiho oQnfaiiiiftat of the Stih ardor, than the iiingle 
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(o*— l)(o— Do'' 
-l)(a'-l)tl+o‘; 


ON A rAOTOAABIiB OOBTIRUAIT 


Here the olemente of the laet oolamn may he obtained by the 
theopcma (14) and (16), baking r equal to 1 less than the nnmber of the 
row wblob is oonBlderod. 

Bn, 1. Smoe 

fl''-l _ l + n+fl'+ ■ ,fo=i 

a **— 1 l + o+«' + ...+*'"‘ 

*, as a partionlar oaeo of the oontlniiaiit of Avt 9 when aal, we haTe 

- 1 , 

(a+l)(*»-l) _1 




.1 

»(b- 1 )' 

0 In the langaago of Mi* Datfca ' bbo Hoilomiann’e Thoorom is t— 
If iho 001*108 

^ + (30) 

tD «■ ft* 

ie ooDTortod into n ooutinood fraotion of the foim 

A- .. ... (?!) 

tr+bi ^ + a>+ 6 | + 

then the eloiuonta of the oontinnod fniotlon aro givon by 


a, and 

whopo Irr+i= “ri ap-ii 

Op+Ji ®r» 


]hzj^'b 

*r-l br 




ttp+ 1 . »P 


and ifl ubtainml. troui Ir+i by doloHng tho j)4-lth enlumii and the 
last row Mopoovot If /,((?) and •^p-iCO n™ reepootlvDly the 

‘ Harl]m(U Diikt* " On Uw Fnlluro of Holloroionn'B Thoorom.’' Pn». BWti 
Va/)k. Ooc^ Vol. 86. 1010 1017. 
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denomimiior uid bhe nnmentar of bhe rth ooDTergenti than 


, (0 (f) (0 (f) 

and •Ar-i(«)=yr-i»'“’+yp-»»'“*+ *+yi *+yo 

, , nK 

■where yo =»r-i“-r-^ “r-» + *T-^ a,.,— ... +(— 1)^-* 

»r *r *' 


r-i t 

'-1V-1 ^ aZ 


ir) 

Ji 


IL r-tL 


(f) 




w 

yr-l=«e 


The BuooeulTe ooDTargonta to the oontlnned traotiOD (fll) haTO the 
properly that ff the ath oonrergont ie expanded u a po^re^•se^iea in 

tha flnb 2n tetiofl of this exponfiion will be, term for benh, the some 

0 

afl &e flrtt 2«t tonne of the lenea (20) " ^ 

If, hy tha above tiLsorem, the aeriea 

+,..+(-l)'I^ ... (88) 

bo QOnYerted into a continued traoldon of the form (81), then'tho 
elementa of the continued Craotion will be given by 
o'-l 


o, =- 


L— a 


‘‘ — -T=^ “ 


PrrKff, If we expand by dlrlsioD tiie Qret oonTenrent ae a 

1 '^+^1 
power BorieB in - and equate the first two terme of bbla expansion with 

the first two terms of the ssneB (88), we can readily got a, and &, 
For other elementa we are to find onb ft, and *ft,. 

If #,=(-.l)F -s, then 


ft* = 


s For the oUior pert of (hli theonn, teo Oetk’e paper * On the Theory of 
Qontlnqed Pnpttoiii *' free J^dfe. iTatft, 5oe, ToL S0, ig{9*iei7, 
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OiT AiJ Applioa-tion op Bhbssl n^mronoNfi to 

PllOBABILITT 

By 

AQANIIlirUBAM DatTA 

1. Somo remarkrtblo dafliiifco mtogLiUN involving DmsoI ffanohons 
havo been pvaluatod by Boiiino lu hia olabomto momok- ' In tho KatK 
ibttMiloi*. Niflholaon • in tho QHartnrly Juumal gonoraliaoil Bomo of 
SoDlne’a reffUlte. 

“ A very nnnarkablo adyanoe in tho bbooi-y uf mnclom voriationB and 
of fligliU In twu dimiinaiona la duo to J 0 Klnyvor • who hM 
dlaoffverod an oxprtianon for tho probability of varlona roanlfcanto in tlio 
form of a doflnito Integral involving Boaadl PnnofctouB. Hla oxpoeltion 
IB rotboi- ooudBO." Uia paper has boon i-oiirotlnood wibli alight dhangoa 
of notation by Loi-d Bayloigh * who baa atndiod voitoub aspoota of the 
probloni end alM given the mnat gonoral remilb of ono of the parti(Siilar 
oaaoB. 

In a pronoua paper, •, I have atteniptod bo oYnlnato more gonoral 
forma of somo of tha Intograla given by Bonino. In tho Arefc part of tho 
lireaant papor, I havo omployod blio motliod uflod m my provioua paper 
to oitond tho roBTiltfl obttwnod tliBroin and have given a vory general 
oBfie of the inbogrol involving tho prodoot of a nnmbar of DobboI 
PnnotiDna. lu bho aeoond poi-t, I have applied fcbiii gonoral form to the 
pTOblom atadiod by Klayvm.' and havo obbaJjiod liy a oomplefaiy ^nni 
eudhod tlio roanlb obtained thoroin 

I am Indobtod to Dr S K, Banorji (or dlrootang my attention to 
Klnyvar'a iwilt and idao to Bai A. 0. Boao Bahadur for hia valnablo 
anggeabiona 

flonlDo, 3£a<fc. Xwwba, Band 10, p«go 1. 

• Nloholaon, Qiuir, Josnul, Vut 48, part IV (lOSO) pi 8B1 

• J 0 Bnyvor, AhiiMmU Van WHmithappan to AmaUrdim, rmlag 

mn do gawoua mpad/nptu doo IVforsJWwlandijfO AfduHngt D«l XIV, lit 
Qodaolto, 80 8opt| lOOB, ppi 8O0*B4. 

* Lori Baylolgh, BcianH^ Pafara, Tol. Vf, page 8ia , . 

* Dabta, Unit Oal, Ifoifc. Boe,, Vd XI, Ho. 4^ p< W 
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2, Somoe l)aa given the elegai^t formnlA 


f 


J.(pj.)J,(gji)« tdj 


I / ih 

•'-I 


(m>-*). .. (1) 


Ib has been ahoi^u b/ me In my preyioue paper " On an BxbensloD 
of Bomne'e Inbegnl in Beoael ITniiotioiiB** ihab by enbatltnting, in fcbo 



Infcegmhng vfith roepeob bo r bobweeu bhe limtba >-ae and +oe, we have 






'0 



“ I" 


v» B {r(«+|)} 


■5“- 


t*) dt 

(»)■+» 



o*+o*— 3«j 

~JK 


m— ^ 

(!-*•) * 


(m>-*) (B) 

where e* ie equal to p* +q' — '^pgt and is a positiye quantity. 

The analogy between the two eqoatlona (1) and (B) anggeeba that 
wo oan employ the method indicated above to obtain the integr^ of the 
prodoet of four Beasel TnnotloDa 
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Thai, Bubaid tubing for A, 
oftn write 



, and repeating the Bume prooesB, we 


1 


-hj' 




J.(ju)J.(ga)J.(of)J,(Ai')fl Trrr 







(» 



(1 




1 - 
6 

-1 


5 ^ 


( 1 — y")" *dy 


■whore a*=o* + t>'— 2 mij cud 

Uring the Bume mofchod bi obtain the integral of the prodpob of any 
nuxobor of Besael rSmablotu, wo can writo u a gonsml form (imTobor cif 
Beiflol ffanotiona hoing n) 


0 


-1 


,1 ^1 ,1 

^ tt-l 

XI ..1 ...1 a (1-a*) Via 


1' r ■■ j 


-1 -1 -1 [«>-*], 
Now labBtitublng for A, A=s^ , cud mnitlplyiiig both bIcIbb by 

5 “^' 

1 5 & (Jr 

ft* 



ABANIBirUBAN DATTA 


K 4 S 

and integrating 'mbh. I'egard to r between the linuts — oe and +ee, we 
bare 

P 




+E) 5 ) 




where j8=:l, for !•■<(]{— «)• j 

‘alh! ^ (*‘~**)* <^* < ) 

^=— 1 , for J* >(it+tt)*. 

For Y=0, we obtain 

j J,Oij)J.(gp) . Ar 

0 " 

-1 0 


H>fli>— J. 



mumr. nnfOTlOHS TO P^BABIUTT 

I 

Now if 

. 1 








j d-J')* hi ...| (1-a')*"**. 

-1 0 


Now if «i90, 


-1 


Jp Jo («••) M. Jfl (fc») Ji 


' u >1 

I (I— 


-1 0 

[f ill this integral, we pot 

we get (the immbor of Beuel Fanatlons being n + 1 ) 

\ 

0 

» T 


< I yT"'f ''■•■• 


(1) 
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ABlHlfillUUa' PA1TA 


8, U 'wanld Appear from tlie Above that there Are oortAin relotloiu 
between p, q, {, ,, ar\A /, r,...a. Thne maj be interpreted 
gMmetaiflAlly thu 

Blnoe ei»p*+ 5 *— apj# where teaoot$^ 


i'=£*+«*-aaia „ aoooitf,.,, 

11 u aleer that i la the onlna of ugle of the triangle living p, c and g 
for lie .idea Inoludad between the eldae p and j j . ie the oomno of the 
Angle of the triangle hrivlng e, e end h for ,to ildaB Inolnded between the 

0 and 0 and « on Hence it la obvions that p, g. o.. fr, 1 form a 

polygon haring aa the aaeoeBalve diagonaU joining one of 

theaifgnlarpomta to nU othera m auoooaalon. Hanoe it la evident 
from the above goomatrloal Interpretation that the integral on the left 

hand Bide la equal to the ninltlple integral on the right hand aide or leru 
Aoeordlng ai 

»■ “p* or not 

«* “o* +v*-2ow» or not 


l*aaBb*<f or not 

i farm » tnuigle lavlDg p, ,, and r for Ito .id» 

OP ^ beoanee only In the former oara v la a real poaltive qnantlW , 
tooordlng u we oan form a tidangle having e, e and v as ita aides or not. 
IwoauM th« lnt<«r>l 1. e<iiud to uro when . le e real poelUre 
qoBntitj and that ii only poenhls when . le the third elde of the 
hton^hnrlng^, end . for It. ddee , „d «> on, end lumoo (oomhinlng 
the ahoT. oondlUon.) wo <»e thet ««nd.ng « we ean form e polygon 

^vlng p, ,, c k, ( «i If. rides, leing the euooeailTe d.sgoosl. 

joining one of the vertioei to all others. 

4u «Wo are now In a position to mreatigate the probabUlty 
that aftsL'n atretohea J„ taken In direotions at 

wndoni, the dlatanse from the stretobmg pobt 0 ahbll be leas than 
an aeeignod magnitude r The direction of the first atrotoh I la 
pWnlyamatteP of indifferenoe, On the other hand, the probahllKy 
that the angles 0 he Within the limits 9, and +d6„ $, and 9, 


b( 


■"*— “d<.-i+<M.-, which hi now to 

nndn' the oondlHon. thst the rth ladin. ™>ta. ,h»ll be le. 
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We hftTe shown in bhe prerloai ariiolefl that 


0 





d6^ or MTo 


Moording m we can form a pol/gou having Pi g, . for lU aidea and 
V, M... aa Ita auoooaatre diagonola or iioL. Honoo bho pitibabilil^ that 
the (ft+l)bh radina vootor afbor (h+I) abrebohe* shall be Idas than an 
aaalgned magnltnde la 






M 

Ja(pa) da 


[nambfir of Beaael fnnobiona being 



On VoaTBx Binm o? Is^hitb Oieotilae Sbotion 
IN Inooufebssiblb Fluidb 

Bt 

Nbipbnd&amath Sbh 
TniroiincitoM, 

1 In, a reoont kaua * of fcba BnUehn nf ilu Oaiettiia Matlimaiioal 
Suoitty, it baa been abewn that vrlioii tbo vortlolby ab any point of a 
moving fliKmlai- vortex ring of flulte aeobitm vni-iee as the »“ power of 
bba dietanoe of tlie point from tbe axta of tlie rmg, ita cffOM-aeoUon 
doou not remain olroular bnt gotn ebngated |u the direction of Iti 
mofelpu of ti-aiuOotlDii, Altboiigb tbe etoady raotioii of vortex rings 
hu attmotod ooiurfdarabla attention of mwiy omiueut mathematioianB 
inolnding Kelvin V Hiokn*, Olireo*, BsMot', Dyson*, Thomion ’ 
and oUiQES, no pi-ovlons writer biis attempted tbe problem of tbe 
motion of vortex rings of fliilto oirouJai seobon 

In the present paper, 1 liavo shown that for a certain Uw of 
vm-tioity, it is iweeible for a ling ^ w**’' invariable miinlar 

Hutujn. Tbe law of vortlolty and tbe velocity of tranalatlon have been 
oaloulatod for fairly thick nugs. It ban been fonnd that to a oartain 
approximation the volooity of trausletlon is identioal wifli that of 
a ring with canstaut voi-tleity, thie being doe to the faot that oorreot 
to that order of approximation the vortlolty may be sappoeed to be 
ooDetai)t over the aroas seotion of the iing. 


I NriptDdranaih Fen— " On Olroolw Yorta Bings of finite Bsotion In Inoom. 

pp — II. U FInIds " Dell CnL ifelA ®».p Vol 18, p, 117, 1988^ 

• Kelvin— “ (MUalad Vol *, p W. 

* Ilkik^-“ rtfli Troni A, Voir l7C, 1884 1 sleo Tol iTd, 188fc 

* Ohreo— “ Proa fdia. iTotti flaa,," Tol 0, 1888. 

■ Oaisol— Hydrodynaraloa, peri U 

• Dyson— " folonUal of Anclior aing,** tex\M I and II. Trtsi i, VoL 184, 


1808. 


* Tbomwi— " Motloo of Yortci Elngs." 

AIM Gray—" NoUs on Hydrodynaiolfla" >ta$. (6), Tol. 88, p, li, 101* 
Umb— " Hydrodynamks," Jf4 IT, 1018, 
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NttiPJiMskAH^fn fliW 


B Tj«b 8«aTDi7tlab)r, JrsBtreogth of the rortei 
osradlaa of tbo “ oiionl^ axli " 

fij csoyliudnoal ou-ordinfttev of uiy point referred to the 
oeobre of the amml&r aile u oirfgln and the utu of 
the ring ae r— uie. 

rsdietfrnoe of any point from the oiroular axle 

dsuiolinntlou of this dietanoe to the plane of the " olronlar 
axle/* eo that pan— rooed 

Ysvehioiby of tsnnfllatum of the iing pai-allel to f— axu 

O ODfl 

[*'- + o^-Va«^+p'*]* 

* 

aaradiuit of the orosi-aeotlon 
Isslog^— 8, /tsa<t, 

o’ 

;^=Iog^-8, crci, 
tr 0 





do* 




*h 


d 

S' 


= VB^n a 


i^sStokM* itream faoation 

Thm, lb oan b« proyed that at any point {p\ a') ontiide thb 

Tories flUment^ 


I 



upooe^d^d^f 

{( o' — f )■+//•— 2flp'ooe ^ + p * 


^ -M ^ 

^ ^ d^ J 


a) 


^ BM, 0dt. JfeUt. floa,7ol IS, p. IWO, 
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where Hie iniogml ib b be teken oTer ivdj oinmlar leotlon of bbe 
ring 

Now, let 

cd^AQ[l + Ajfoofl 0 +-A.,r* cofl 2 tf+ Aa*-' DOS 8 d+>" ■>.] ( 2 ) 

2ir _ 


*, 2 aif df (?fls= 


sOiro*A, 


.. C 8 ) 


From ( 1 ) nnrt ( 8 ), wo haro 
a 8ir 

a — rV cfw (O—tt) 

e Aft(l+Ajreoa<>+A,r*t.f>e 8 tf+...WfdW. 


% 

a 2w 

“• 


(fV )- 8 I,(f V ) «« (fl-tt) +ait (f’V ) c« 8 (e-a) + ... ) 


X {1+A,roofl0+Agr* onaB<^+ 

where Tg iH HohuoI FunoUon of iho w** nnler with iinnginaiy modolne. 


i£l ^ ^-I,(rtV)-A, o<wa^ T,(flV) + A, [jofiatt^T,ffiV)-eta.]j 


u 

[^v( r“+* I, (fV)rf»'= r. + i C®V)] 
■^0 

Vfix tt-V. .** 7 " . . 

i + TBS 


ooHaVo’ ^ 


... ) 


t WhlUnkpv”Uoa, Altai.," p. BOO, ITT 
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24 


\^^~W +" 53 b + ; 


) ]j 

-£[»(?-■*"? t ‘-tf )i K 

+ l“r55 + 354 j 

j'.tjbJ +i8C%+ifer 




Now, 


J ^ = l-'-^l .«»«+( ).. 


/ 81+6 

A ^ 


+ 1 


■^( )»‘ + ela ., tBj ' 

fUi )'-. u -”«(“- f ’+'^> 


001 


135 


").- + oto .| 


( 6 ) 


* ]^)F dmpllllaBtion, lae BhU, Oal J/affc Sac., Tol 18, p. IBi, 

■ Dj BOD •>*'?*<!, IVviu,," J8W, part I, p. Mj part 11, pp, 1060^. 


ON TOAfn BINOfl <)V FINiTI OINCELAB BBCTION 


m 




- 

( 121+9 , ooH2fl , oofl ^ \ 4 . 7 

1 -35- + T- +-M > +“‘? 1 

... 0) 

^'( - i' 

0 \ e aoj 

1 J=-„T.. {2oo.8«+( ).+ 1 

(8) 

ifi. 
0 \ 0 

i) J=,i7. {8oo»«+ •• } 

(9) 


etc,, oto , ato, 

Eenoe ou tho aurfiuia of bha vorbex ring, wa hnye, nfber anbabitiition 
and almplifloablon, 

<{-ik 

+(iM + T^-^fs' +V>i 

/ 1 . A.o A.fl" , 8A,a»o 

-\,iD3 + +—k- h 

' +( 1^6+'^^ + ¥ - Y )+■“" } ■'■ f 



KlllFlinjtfANATtl BiK 


Vnvfchfip, Ist TU luppofld tbftt tbo “oentroul" o£ thfl TOi’tox fllftmBtit 
bee on the oiwnW ozIb '* of fcha Hng In thit oue we mu 4 t hare 


2« a 



tor cos Bf fh* d 0=0 


Henoe Irom. (9)| we have A|=0 (H) 

Aleo, fi'om bhe boimdai 7 oondibon for a relooltj of fzanalation 
Y parallel to i— axu, we hare 


+ oonetant on the Borfaoe of the rmg 
= 1 ^ oonetant— Yooooa 0+'^ ooe20 J 

r ^ 

Henoe, from ihu and (10), by equating oo-effloientB of ooe 0, eto 
(alwaje negleoting quantities of the order a* and higher powers of <r), 
we haTS — 


ft (A+1 

fij; I 7 ^ 


+ B i . 1 .. A.o» 



fiA+l) 


ft 



1 _ 
102 


f X . 1 1 

i 102 


+ 


1 = 



Y 

I 



(12)1 


CW) 


In obtahiliig renlta (18) to (14), AaS*, A|a* hare been mppoeed (It will 
be {leoved attorwuda, efe roffolti (16) sod (17) ) to be'ol'tfao order r*, r* 
tespeeUrelf 



OH TORTKX 11 Nfl 9 OV VIXtTII CIUOUUR HHOTIOH 

8 X-1 1 _ 1 . X 1 4. Ai^* — —0 

iss" flfiii yB9 is oo u 

Bolying for V, A-n 

we obtaiu 


863 

(U) 


V= 


]l 

2n 


[ 


4X+B . 
T”*'’ 


"Tar*' J 


... (IB) 


8aX+9D .60X+n , 
“13” +“53r " 


... (la) 


AaO*s 


fl8X+lB , isox+sa , 
“13” ■*■ T354"' 


(17) 


Sinae, we negleofc fcermn oonUlnlng tr* in A, o' ftnd !n writing 
down eqnaUoiiB (18) atkI (14), it will bo moi-e oorreot to reject tnniB 
oootftimng 9* in (16) and (17) 

From (B), we have, at any point (r, 9) ol tlio vortox fllamont, 


Here, we hare fonnd vortioity oorroot to ir* The above method of 
treatment may be extended to find a ooiroot to higher powers of cr 

4, From (15) the velooity to a first approximation 1 b given by 


This Is Idontloal with the velocity of translation ' of a ring of 
variable seotlon whose vortlolty tsoonslant. The resnlt might hero 


> fit# reinlb ( 07 ) BiU, Osi. MitUt. p. 107 , ToL 18 , 


ItbtpsMliaAtfATb &Bif 


M 

been eipooted, Inaamnohaa if we neglect ff' and hlghar powers, tbe 
yortiflity la found from ( 18 ) to "be i 

as =oonatant over tbe oroaa seotion 

2ra* 

Hence, the Telooity of tranalataon most bo i moo as that of a nng 
with constant vortuuty at leeat to this order of approxlmotann. 
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Noth ,ohi thb Oqpvhhosnoh op EpupfUH'a ^rtm. 

The antei:fB of oonyergenoe of IToaner's eerlei haTOi^eoD etodled 
among otlieni by Dini, Jordon and De la Vailed Ponenn , and oertoin 
isolalied oondifclona (which ore snfflcienfc bn(i not neoeaBOPy) have been 
Hoggeated by bbem, The oondlfeion proposed by the losii 1b the mokb 
genei^ of all , the proof of Its greater generality, however, ib not given 
inhla “ Oonree d' Analyse” (Ed. 1022, Tome II) The following proof 
was obbuned by the writer while preparing for the Tnpoe. The proof 
booomas so short by the nee of the properly that on indefinite integral 
IS of bounded vorlatioa oooarding to both ^emonn and Lebeiignet 

It la assumed that /(e) and Ite absolute valne ore integrable, either 
in th^ sense of Blemonn or Labesgue. We have, 

^(d)=/(.«+d)+/(*-tf)— fi», where i is properly ohoaen 
I, DtntTs oondJtioH. 

If I I ia the Integrable m the iielghbonThood of 'O', the 
Ponrier's eoi'IeB of /(*) ooiivei'ge towards /(J’)^ Here »=/(») ^ 

IT JordftH*i couthUoH, 

The Ponrler'B eerlos of /i.») converge to ■K/(j>+0)+/(o— 0)] at every 
point 111 tlie noighbonr'haod of wliioh /(«) Is of bounded variation 

Horo, *=i[/(-p+0)+A’*”®)] points of diecontmuity of the flnt 

Innd, /(ic+0),/(^-0) being equal to/(«) at all points of regolarlty. 

HI. De la VaUoA PotmMt oondihon 


Tho Ponrier'a scrias of /(«) oonvorge to a 


where 


«,(a)=l U(fl)dd 


is of bonndod TBrlotion In the neighbourhood of ‘ 0 ’ i i being so ohossn 
that (a) — ^Oastt — ^0. 



1 C. a. p. 


ft56 


Jl, Bj Dlnl'i eondltion 


Prw^ 




t^Doe 

and 

Now 


I dtf eziitfl, a being Bmoll j X^a) = I dooB, 

0 *^0 


V(a)=.*IS' 


ift yi ^ 

= I ^(d;(Me3if flx'(d)rftf la of bounded yarlation by the 

‘■^0 "h 

jmptrty of an^ndeflmia integral proylded 4>,(0)s0 


a 

♦ ,(o)=i [eX{a)-imd0\^kU)-kM 

•'o 

where X(a,) ib mu A(a) id O^Ui^u. 

Bob ihe oipreasioP on ihe right hend side 0 with a, by rflni'i 
oondltlon 

♦.(0)=0. 

Thna if Dim's oondUion ia aatieQed, De la Veiled Ponailn'B la also 
B&ilafled 

B By Jordnn’fl condition 9(a) ^ 0 with a and is oontinnoiu 

near a 

*, by the property of an integral ia of boonded 

*^0 

Tpriatlon and oonBoqaentily 9|(a) ^ 


> i 



The only step to prove li fcl\%t *i(o) 0 with «, 


Now, 

a 

11“*/“)= Whow *(a)=l 

•^0 

=^(0)s^0), by JordaD'a sondition. 

/. if Jordan's oondlUon is sahsflod no is De la VoUed Poosnn's. 
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USVTBW 

WahL'BQbeinliokoitatiMhanng (I ftnd It Vol.) vun Prof. Dr, Otto 
Knopf. We have reoeived iwo tm/ volomee on the ooloalofl of 
probabilitiee published by Walter de Qruyter and Co, of Berlin 
Tlioy give in brief outline, boddoe the prinoiplca and methods of the 
ealoului, several illnstmbve apphoations Lo insiiranoe, meteorology, the 
theory of errors etc. They will, we trust, be weleoine to all who 
would be oontenl with a workTng Imowledgo of the prinoiples or would 
have a npid view of the whole Itefore 'annohing into a dotalled etadr 



